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Abstract
We examine the correspondence between QFT observables and bulk solutions in
the context of AdS/CFT in the limit as the cosmological constant Λ → 0. We focus
specifically on the spacetime metric and a non-backreacting scalar in the bulk, compute
the one-point functions of the dual operators and determine the necessary conditions
for the correspondence to admit a well-behaved zero Λ limit. We discuss holographic
renormalization in this limit and find that it requires schemes that partially break
diffeomorphism invariance of the bulk theory. In the specific case of three bulk dimen-
sions, we compute the zero Λ limit of the holographic Weyl anomaly and reproduce the
central charge that arises in the central extension of bms3. We compute holographically
the energy and momentum of those QFT states dual to flat cosmological solutions and
to the Kerr solution and find an agreement with the bulk theory. We also compute
holographically the renormalized 2-point function of a scalar operator in the zero Λ
limit and find it to be consistent with that of a conformal operator in two dimensions
less. Finally, our results can be used in a new definition of asymptotic Ricci-flatness
at null infinity based on the zero Λ limit of asymptotically Einstein manifolds.
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1 Introduction
String theory in asymptotically AdS spaces admits a dual non-perturbative formula-
tion provided by the AdS/CFT correspondence [1, 2, 3] and several proposals have been
constructed by analogy with AdS/CFT that relate string theory on spacetimes with other
asymptotics to field theories formulated at the boundary. For the case of de Sitter gravity,
and motivated by studies of the asymptotic symmetry group of de Sitter in a fashion similar
to that of AdS [4], it has been conjectured that the bulk theory can be described by an
Euclidean field theory defined at the spacelike conformal boundary [5, 6, 7, 8, 9, 10, 11]. A
further motivation lies in the fact that every solution of AdS gravity is mapped to a solution
of de Sitter’s by an analytic continuation, leading to a possible dS/CFT correspondence.
In the context of AdS/CFT, string theory correlation functions are determined by comput-
ing QFT correlators and vice-versa, and the bulk/boundary dictionary is well established.
Statements in dS/CFT can then be worked out from the AdS counterpart by analytically
continuing the solutions with AdS boundary conditions to de Sitter signature.1 In partic-
ular, the near-boundary asymptotics of AdS spaces admits an analytic continuation to dS
asymptotics (see e.g. [13]), leading to a well-defined mapping between asymptotic data in
the bulk and boundary data in the case of a positive cosmological constant Λ.
Despite many interesting results, a holographic description of de Sitter space remains
unclear, mainly because string theory in dS is not well understood. Even though de Sitter
vacua exists in string theory [14], unlike the case of flat or AdS vacua they are unstable and
decay to vacua of different Λ signature. Another problem in a dS/CFT formulation is the
fact that the conformal weights of the QFT operators are imaginary and the boundary the-
ory is non-unitary. Nevertheless, one can still work out the details of such a correspondence
and point to those ingredients that do not work.
The case of Ricci-flat gravity is substantially different. At the classical level, setting Λ to
zero is just a fine-tuning problem and asymptotically flat spacetimes are the best controlled
backgrounds in string theory to compute correlation functions. However, the mechanism in
1Note, however, that to compute correlation functions in this way one has to take into account the global
properties of asymptotically de Sitter spaces [12, 9].
2
string theory by which the cosmological constant vanishes is not clear (see e.g. the discussion
in [15]). More particularly in the context of AdS/CFT, the zero Λ limit of the correspondence
in general is not well-understood. The limit taken on boundary correlators and vacuum ex-
pectation values generically does not lead to sensible results. The conformal weigths of QFT
operators dual to massive bulk fields diverge in this limit, a problem associated with the
fact that the conformal boundary is null in the zero Λ limit. The limit taken on the near-
boundary asymptotics of AdS spaces in general does not result in Ricci-flat asymptotics,
unless specific constraints are imposed, and a bulk/boundary dictionary has not been estab-
lished. Furthermore, and unlike the case of de Sitter gravity, holographic renormalization
does not extend in a straigthforward manner to flat gravity, essentially because the asymp-
totics of bulk fields in this case are non-local with respect to the sources [16, 17, 13, 18].
Nevertheless, quantum gravity in asymptotically flat spacetimes can be characterised by a
unitary and analytic S-matrix and it is believed that a holographic description of the flat
space S-matrix can be derived from the zero Λ limit of AdS/CFT. Indeed, explicit con-
structions for extracting S-matrix elements from boundary correlators have been proposed
in [19, 20, 21, 22, 23, 24, 25, 26, 27] (see also the discussions in [28, 7]).
A different approach to flat space holography formulated as a limit of AdS/CFT is based
on studies of the asymptotic symmetry group of asymptotically Minkowski spacetimes at null
infinity, the BMS group. In four dimensions the symmetry algebra was originally derived in
[29, 30, 31] and more recently investigated in [32] in general dimensions (see also [33, 34]).
In the three dimensional case, the bms3 algebra consists of diffeomorphisms on the circle
and supertranslations and is isomorphic to the two-dimensional Galilean conformal algebra
(GCA) consisting of a contraction of two copies of the Virasoro algebra. The Poisson algebra
of the surface charges was found to admit a central extension with central charge c = 3 [32,
35],2 representing a generalisation to the flat space case of those results originally obtained
by Brown and Henneaux [4] for AdS3 and which predated the AdS/CFT correspondence.
In the four dimensional case, the bms4 algebra is also isomorphic to a class of GCAs [36].
Based on these results, a possible connection between string theory on asymptotically flat
spacetimes and non-relativistic conformal field theories defined at null infinity was proposed
in [36, 37, 38, 39, 35]. In the same spirit, the authors in [35, 39] were able to reproduce
the Bekenstein-Hawking entropy of three-dimensional flat cosmological horizons by counting
2The central charge cLM in reference [35] is related to ours as: cLM = c/12 since we follow the convention
of formula (1) in this reference.
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states in a two-dimensional Galilean conformal field theory defined at null infinity. However,
these studies leave open the question of how to compute field theory correlation functions
with the right properties from the bulk theory and do not establish a precise bulk/boundary
dictionary.
Similar earlier studies of flat space holography via the BMS group focused on constructing
BMS-invariant field theories, see [40, 41, 42, 43]. Other different approaches have investigated
instead a possible dual description of flat space at spatial infinity [44, 45, 46, 47, 48, 49] by
analysing the variational principle for asymptotically flat spaces and determining the appro-
priate counterterms in a fashion similar to AdS holographic renormalization and by studying
the putative boundary stress-energy tensor and correlators constructed at spatial infinity.
Returning to the context of AdS/CFT, let us quickly review the flat space limit in
the duality [1] between string theory in AdS5 × S5 and N = 4 super Yang-Mills. In the
supergravity approximation, the dynamics of the massless closed string states is governed
by the IIB supergravity action:
S =
1
16πG10
∫
d10x
√
G
(
R[G]− 1
4
|gsF5|2 + ...
)
, (1.1)
where F5 = dA4 is the self-dual R-R five-form and we are omitting the remaining supergravity
fields. The ten-dimensional Newton constant is given in terms of the string coupling gs and
the string length scale ℓs by: G10 = 8π
6g2sℓ
8
s. The metric solution corresponding to a stack
of N D3-branes that source the A4 potential is given by:
ds210 = H(r)
−1/2
(−dt2 + d~x 23 )+H(r)1/2 (dr2 + r2dΩ25) : H(r) = 1 + λ ℓ4sr4 , (1.2)
where λ = 4πgsN . The horizon of this black brane geometry is located at r = 0. We
then introduce a new radial coordinate z such that r = ℓ2s/z and work in the near-horizon
or decoupling limit ℓs → 0 (such that λ/ℓ4s → ∞). In this limit, the four-dimensional
worldvolume theory on the D3-branes decouples from the closed string modes and becomes
N = 4 super Yang-Mills at leading order. The parameter λ becomes the ’t Hooft coupling of
the gauge theory with N the rank of the gauge group. In the bulk, the resulting near-horizon
geometry is AdS5 × S5 parametrised as:
ds210 = ℓ
2
s
(
1√
λ
−dt2 + d~x 23
z2
+
√
λ
dz2
z2
+
√
λdΩ25
)
. (1.3)
When considering perturbations or supergravity solutions around this background, the com-
pactification on the S5 results in an effective cosmological constant Λ = −6/(λℓ4s)1/2. The
4
flat space limit of the non-compact AdS5 background can then be obtained by defining:
~x = λ1/4~y , (1.4)
t = u−
√
λ z , (1.5)
such that:
ds25 = ℓ
2
s
(
− 1√
λ
du2
z2
+
2dudz
z2
+
d~y 23
z2
)
, (1.6)
and taking the limit λ → ∞ under which the near-horizon metric becomes flat.3 On the
gauge theory side, observables typically diverge in this limit. A simple example is the central
charge c of the theory. For a CFT4 with an AdS5 dual, this is given at strong coupling and
large N by [50]: c ∼ (λℓ4s)3/4/G5, where the effective five-dimensional Newton constant
G5 = G10/Vol(S
5). In our case we obtain: c ∼ N2. Since λ→∞ requires N →∞ in string
perturbation theory, we have that c diverges in the flat space limit.
In the case of AdS3/CFT2 [1], the near-horizon geometry of the D1-D5 system is given
in a similar fashion by:
ds26 = ℓ
2
s
(
1√
λ
−dt2 + dx2
z2
+
√
λ
dz2
z2
+
√
λdΩ23
)
(ℓs ∼ 0) :
√
λ = g6
√
N1N5 , (1.7)
where g6 < 1 is the effective six-dimensional string coupling (recall that in this case we
first compactify the theory on a four-manifold such as a T 4) and N1,5 the number of D1,5
branes. After compactifying on the S3, the flat space limit of the AdS3 geometry can be
taken by introducing coordinates as in (1.4)–(1.5) and taking the limit λ→∞ under which
the geometry becomes three-dimensional flat space. In the dual CFT2, the central charge
at strong coupling and large charges N1,5 is given by c = 6N1N5 which diverges in the limit
λ→∞.
This type of divergences associated with the flat space limit arises in the correlation
functions of the dual field theory when computed holographically and it is the main purpose
of this work to study the zero Λ limit of these observables in AdS/CFT. Since we will not
be particularising the correspondence to specific theories, in order to take the limit of a
dimensionless quantity we introduce a characteristic length scale ℓo and rewrite the AdS
radius as a multiple of ℓo with proportionality constant α:
ℓ = α ℓo . (1.8)
3One can also keep the full ten-dimensional near-horizon metric and define θ = ρ/λ1/4 where dΩ25 =
dθ2 + sin2 θ dΩ24.
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In the specific examples given above, ℓo is the string length scale and α plays the role of the
effective gauge coupling constant. The zero Λ limit in AdS/CFT then corresponds to taking
α→∞ with ℓo fixed.4 We will make use of the relation (1.8) throughout this work to study
the limit of vacuum expectation values and specific correlatores in AdS/CFT. This will be
done formally and in a fashion somewhat similar to the way vevs and boundary correlators
in dS/CFT are derived from corresponding AdS results. The main difference, however, is
that not every bulk solution of Einstein gravity with AdS boundary conditions is mapped
to an asymptotically flat solution in the zero Λ limit. We will discuss this aspect in the next
sections. This implies that we need to restrict the space of solutions of AdS gravity to the
subspace of those that admit the limit, in the sense that they result in solutions of the bulk
equations of motion with Λ = 0 once the limit α → ∞ is taken. Since gravity solutions
are dual to QFT states, this corresponds to restricting the Hilbert space of the field theory
to some subspace, say H˜. Furthermore, since the limit α → ∞ is taken over solutions, on
the QFT side this should correspond to some limit taken over H˜. The objective is then
to derive the correspondence between the resulting states in H˜ and those bulk solutions of
asymptotically flat gravity that result from the limit α → ∞. This will be done mainly by
working out the mapping between QFT observables and the asymptotics of such solutions.
We will find that well-definedness of this limit seems to be a statement about states and
sources on the field theory side.
If the bulk field is in particular the spacetime metric, the choice of possible coordinate
systems is constrained by the requirement that the solution be smooth in the zero Λ limit.
Taking this limit on the metric must correspond to switching off the boundary lapse function
so that the timelike conformal boundary of the asymptotically AdS solution becomes null as
α→∞. To some extent, it is a gauge-dependent condition the requirement that the solution
be mapped to an asymptotically flat one in this limit and this fact will have an interesting
implication to the holographic renormalization of the bulk theory as discussed below. This
restriction to the subspace of solutions with a well-defined limit implies in particular that
the standard Fefferman-Graham coordinate system used in the near-boundary analysis of
asymptotically AdS and dS spaces cannot be extended to derive the asymptotics of those
solutions that are smooth in α.
4Note that the same limit has been discussed in [28, 19]. In the above examples, α→∞ corresponds to
the limit of large charges N,Ni with the string coupling (and length scale) fixed. Also, and as emphasized
in these references, this limit involves the physics of bulk and gauge theory states with large (dimensionless)
energies.
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The choice of coordinates we will then make near the asymptotic boundary are the well-
known Gaussian null coordinates. This gauge is closely related to Bondi coordinates and
was initially introduced by Isenberg and Moncrief [51] in order to prove the existence of
a Killing vector field in any spacetime that contains a compact null surface with closed
generators. It was further elaborated in [52] in order to generalise Isenberg and Moncrief’s
results, as well as Hawking’s rigidity theorems, to non-analytic spacetimes (see also [53]) and
it has been extensively used in the literature in order to study the near horizon geometry
of black holes (see [54, 55] and references therein). This gauge choice is also motivated by
those investigations of the asymptotic symmetries of asymptotically flat gravity discussed
above.5 In this coordinate system, the Einstein field equations decompose into a set of dy-
namical and constraint equations that are very tedious to solve asymptotically and increase
in complexity with the spacetime dimension. For this reason we will focus specifically on the
case of three and four bulk dimensions, but it is straightforward to extend the procedure to
any dimension. From this analysis we will obtain in particular the unique asymptotics at
null infinity of all those Ricci-flat metrics that result from the zero Λ limit of Einstein metrics.
As a final remark, it should be emphasized that, unlike the case of dS/CFT, holographic
renormalization does not admit a straighforward extension to the asymptotically flat case.
In general, the holographic counterterms introduce divergences in α that spoil the zero Λ
limit of the renormalized on-shell gravity action. If one insists that the action be finite in this
limit, further counterterms are needed to restore the well-definedness of the limit. The latter
are finite in the holographic regulator and therefore are associated with a choice of renormal-
ization scheme on the field theory side. These finite counterterms are covariant with respect
to diffeomorphisms that preserve the spacelike foliation induced at the boundary by the bulk
theory, but break invariance of the renormalized action with respect to diffeomorphisms that
are not foliation-preserving. This reflects the fact that the well-definedness of the limit is a
gauge-dependent requirement. We will analyse the effect of these anomalous counterterms
on the holographic Ward identities of the field theory in the case of four bulk dimensions.
A pathological aspect of this type of counterterms is that they introduce divergent contact
terms in the two-point correlators of scalar operators. We will derive this result in section 4.3.
In the next section we introduce our coordinate system and determine the unique asymp-
5See also [56] for a brief overview in three dimensions.
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totics of the bulk spacetime metric by solving the vacuum Einstein equations with a negative
cosmological constant in a neighbourhood of the asymptotic boundary. We will then discuss
the zero Λ limit of the solution and briefly compare the spacetime asymptotics in this limit
with the standard definitions of asymptotic flatness at null infinity.
Section 3 contains the main results of this work. We will holographically renormalize
the bulk gravity action in three and four dimensions and use the AdS/CFT prescription to
compute the vacuum expectation value of the QFT energy tensor. The objective will be to
analyse the correspondence between the metric asymptotics and the boundary data in the
zero Λ limit and to address the issues associated with this limit. The three dimensional case
is the best controlled setting and no major problems arise. The holographic Weyl anomaly
in the zero Λ limit will be of particular interest in this case. The integrated anomaly is
still a topological invariant and we will be able to obtain in this limit the Virasoro central
charge that arises in the central extension of bms3 as the proportionality constant between
the anomaly and a geometric invariant. We will then apply our results to the zero Λ limit of
the BTZ solution, which represents a three-dimensional flat cosmological solution, and find
a matching between the energy and momentum of the QFT and those of the bulk theory.
In the case of four bulk dimensions we will find that the holographic renormalization
spoils the zero Λ limit of the gravity action, as described above, by terms that are finite in
the regulator and which can only be subtracted by a finite counterterm that partially breaks
diffeomorphism invariance of the action. We will then compute the holographic energy ten-
sor and address the issues associated with its zero Λ limit. Of particular interest will be the
holographic Ward identities and the way they are affected by the anomalous counterterm.
In the absence of the latter, the trace of the QFT energy tensor vanishes, but it is modified
by a total derivative in the presence of the anomalous counterterm. As an application of our
results, we will derive specifically the asymptotics of the Kerr solution and find a matching
between the energy and momentum of this solution and those of the dual state of the field
theory. At the end of this section we will address and solve the issues associated with the
presence of null boundaries in the spacetime in addition to the asymptotic conformal bound-
ary.
Finally, in section 4 we analyse the case of a non-backreacting massive bulk field prop-
agating in AdS in a coordinate system appropriate to the zero Λ limit. We renormalize
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holographically the bulk action for the field, address its zero Λ limit and compute the vac-
uum expectation value and the renormalized two-point correlator of the dual scalar operator.
As in the case of the spacetime metric, the objective will be to analyse the zero Λ limit taken
on the vev and correlator. For “large” values of the conformal weights, contact terms as-
sociated with the anomalous counterterms arise in the two-point function, but vanish away
from coincident points in time. In general, the two-point functions will be consistent with
that of a conformal operator in two dimensions less in this limit.
2 Spacetime asymptotics
2.1 Choice of coordinates
We start with the action for the spacetime metric in d+ 2 dimensions written in the form:
16πG0 S =
∫
M
dd+2x
√
G
(
d(d+ 1)
α2ℓ2o
+R[G]
)
+ 2
∫
∂M
dd+1x
√
q Q , (2.9)
where the cosmological constant 2Λ = −d(d + 1)/(αℓo)2 and where qab and Qab are the in-
duced metric and extrinsic curvature of the boundary. As discussed in the previous section,
we have rewritten the AdS radius ℓ as in (1.8) so that Λ is switched off by taking the limit
α→∞ of the dimensionless parameter α.
In order to solve asymptotically the Einstein field equations we introduce Gaussian null
coordinates xµ = (r, xa) = (r, u, xi) near the boundary r = ∞ of the manifold. In such
gauge, the spacetime metric has the form [51, 52]:
ds2d+2 = Gµνdx
µdxν
= −φ du2 + 2dudr + γij(dxi + σidu)(dxj + σjdu) . (2.10)
where the metric components depend on all the coordinates, the spatial metric γij is positive-
definite and the function φ is positive by definition. The vector φ−1/2(∂u − σi∂i) is future-
directed timelike with unit norm. The manifold is defined to be foliated by a family of
timelike hypersurfaces labelled by the coordinate r and by a family of null surfaces of constant
u. Each submanifold {r = constant} is foliated by spacelike surfaces of constant time
coordinate u. All the above statements hold asymptotically. In appendix B we briefly
deduce this coordinate system via an ADM analysis of the metric, but it all comes down
to using diffeomorphisms in order to bring the metric to the desired form. In the case
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of asymptotically flat metrics in Gaussian null coordinates, the metric components behave
asymptotically as [57, 58, 59, 60, 34]:
γij(r, u, x) = r
2
(
γ(0)ij(u, x) +O (r<0)
)
, (2.11)
φ(r, u, x) = φ(0)(u, x) +O (r<0) , (2.12)
σi(r, u, x) = O (r<0) , (2.13)
with null infinity given by r = +∞, so we will be interested in solving the field equations
around 1/r = 0 with Λ switched on and in the end analyse the limit α→∞.
Before doing so, we introduce a new coordinate z := ℓ2o/r and also define gij := (z/ℓo)
2γij
and ϕ := (z/ℓo)
2φ such that:
ds2d+2 =
ℓ2o
z2
(−ϕdu2 − 2dudz + gij(dxi + σidu)(dxj + σjdu)) . (2.14)
The decomposition of the Ricci tensor Rµν [G] in terms of the metric components ϕ, gij and
σi is given in appendix C. If we solve the field equations Rµν = −(d+ 1)/(αℓo)2Gµν around
z = 0 at leading and first subleading order, we find:
ϕ(z, u, x) =
1
α2
+ z ϕ(1) +O (z2) , (2.15)
gij(z, u, x) = g(0)ij + z g(1)ij +O (z2) , (2.16)
σi(z, u, x) = σi(0) +O (z2) , (2.17)
where the coefficients ϕ(1)(u, x), g(0)ij(u, x) and σ
i
(0)(u, x) are completely arbitrary (i.e. inte-
gration constants) and where g(1)ij(u, x) obeys the equation:
1
α2
g(1)ij = (∂u −£σ(0))g(0)ij + ϕ(1)g(0)ij , (2.18)
with £ the Lie derivative. The asymptotic behaviour of the metric components therefore
implies that the metric (2.14) is (at least C2) conformally compact,6 with defining function
z/ℓo and conformal boundary z = 0. For α
−2 > 0 the boundary is timelike and it becomes
null in the zero Λ limit. We also find from (2.18) that the leading order term g(0)ij becomes
constrained in the case α−1 = 0.
We will now use the freedom in the choice of defining function and introduce a more
judicious one. We define a new coordinate z¯ := zN(0), with N(0)(u, x) an arbitrary but
6See appendix A.
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positive smooth function of u and xi. Under this change of coordinates the spacetime metric
becomes:
ds2d+2 =
ℓ2o
z¯2
(
− ϕ¯N(0)du2 − 2N(0)dudz¯ + g¯ij
(
dxi + σ¯idu
) (
dxj + σ¯jdu
))
, (2.19)
where:
ϕ¯N(0) = ϕN
2
(0) − 2z¯ (∂u −£σ)N(0) + z¯2|∇g logN(0)|2 , (2.20)
σ¯i = σi + z¯ N−2(0) g
ij∂jN(0) , (2.21)
g¯ij = N
2
(0)gij . (2.22)
The metric component ϕ¯ therefore has the asymptotics:
ϕ¯ = ϕ¯(0) + z¯ ϕ¯(1) +O (z¯2) : (2.23)
ϕ¯(0) =
1
α2
N(0) , (2.24)
ϕ¯(1) = ϕ(1) − 2(∂u − £σ(0)) logN(0) . (2.25)
We then choose our function N(0)(u, x) such that:
7
(∂u −£σ(0)) logN2(0) = ϕ(1) , (2.26)
which results in the asymptotics: ϕ¯ = ϕ¯(0) +O (z¯2). Recall that the coefficient ϕ(1) was an
integration constant and therefore N(0), or ϕ¯(0), remains arbitrary, i.e. undetermined by the
field equations.
From this choice of defining function z¯/ℓo and the requirement that the metric compo-
nents be well-defined in the limit α→∞, it follows from equation (2.18) that:
(∂u − £σ¯(0))g¯(0)ij = 0 (α→∞) , (2.27)
and therefore the timelike vector ∂u − σ¯i∂i is an asymptotic Killing vector of the spatial
metric g¯ij in this limit. Furthermore, with such defining function, the normal to the boundary
mµ = G˜µν∂ν z¯ in the conformal embedding G˜µν = (z¯/ℓo)
2Gµν is shear, expansion and vorticity
free in the zero Λ limit, and therefore totally geodesic:
lim
α→∞
∇˜νmµ = O (z¯). (2.28)
7Note that if we write: N(0) := N(0)1N(0)2 such that (∂u −£σ(0)) logN(0)2 = 0, we still have the freedom
of choosing N(0)2(u, x) in the space orthogonal to the vector ∂u − σi(0)∂i.
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This is the standard gauge used in the study of asymptotically flat spacetimes (see e.g. [61]).
More importantly, with our choice of coordinates the boundary metric (with components
N(0), g¯(0)ij and σ¯
i
(0)) is completely unconstrained for finite α. In the next sections this feature
will allow us to take the variations of the on-shell action with respect to all components of
the boundary metric in order to derive the holographic energy tensor. The metric in the
originial Gaussian null coordinates (2.14) therefore corresponds to the metric (2.19) with the
lapse function 1
α
N(0) of the boundary fixed by diffeomorphisms to a constant.
We will drop the bar notation from now on and work with the spacetime metric in the
final form:
ds2d+2 = Gµνdx
µdxν
=
ℓ2o
z2
(
− ϕN(0)du2 − 2N(0)dudz + gij
(
dxi + σidu
) (
dxj + σjdu
))
, (2.29)
where:
ϕ =
1
α2
N(0) +O (z2) , (2.30)
gij = g(0)ij +O (z) , (2.31)
σi = σi(0) +O (z) . (2.32)
The induced metric qab of the surfaces of constant z near the boundary z = 0 is given by:
ds2d+1 = qabdx
adxb =
ℓ2o
z2
(
− 1
α2
N2(0)du
2 + g(0)ij
(
dxi + σi(0)du
)(
dxj + σj(0)du
)
+O (z)
)
:=
ℓ2o
z2
(
q(0)ab +O (z)
)
dxadxb , (2.33)
where q(0)ab represents the metric tensor of the conformal boundary and is the source for the
energy tensor of the dual quantum field theory. From the determinant
√
q(0) =
1
α
N(0)
√
g(0)
we see clearly that the timelike boundary becomes null in the zero Λ limit.
2.2 Asymptotic solution
The decomposition of the Ricci tensor Rµν [G] in our coordinate system (2.29) is given in
appendix C. If we solve the Einstein field equations around z = 0 with the cosmological
12
constant switched on, we find that the asymptotics of the metric is uniquely determined:
gij = g(0)ij + z g(1)ij + z
2g(2)ij + ... + z
d+1g(d+1)ij + z
d+1 log z g˜(d+1)ij + ... , (2.34)
ϕ = ϕ(0) + z
2ϕ(2) + z
3ϕ(3) + ... + z
d+1ϕ(d+1) + z
d+1 log z ϕ˜(d+1) + ... , (2.35)
σi = σi(0) + z σ
i
(1) + z
2σi(2) + ... + z
d+1σi(d+1) + z
d+1 log z σ˜i(d+1) + ... (2.36)
Note that the expansions in z are not predetermined but uniquely fixed by the equations.8
The coefficients g(0)ij , ϕ(0) and σ
i
(0), which we will denote collectively byG(0)µν , are integration
constants and therefore completely arbitrary functions of u and xi. These are the standard
non-normalizable modes, or sources, of asymptotically AdS metrics.9 The coefficients g(d+1)ij ,
ϕ(d+1) and σ
i
(d+1), denoted collectively by G(d+1)µν , are arbitrary up to specific constraints and
are the standard normalizable modes. These will be associated to the different components
of the holographic energy tensor and the constraints to its Ward identities. The coefficients
of the logarithms, which we will denote by G˜(d+1)µν , are only non-vanishing for odd values of
d > 1, and in such case are local functionals of the sources G(0)µν . The remaining coefficients
G(n)µν , as well as the constraints on the G(d+1)µν , are all local functionals of the sources.
8An arbitrary term z ϕ(1) in the expansion of ϕ can always be cancelled by a choice of N(0) as described
above. See, however, the discussion in section 3.3.1. There is also the possibility of including terms propor-
tional to δΛ,0 that vanish for all finite values of α, but we discard such terms since we are only interested in
solutions for which the limit α→∞ exists.
9See [62, 13] for a review of the asymptotics of such metrics in Fefferman-Graham coordinates.
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The expressions for the coefficients at first and second subleading orders are given by:
1
2α2
g(1)ij = k(0)ij , (2.37)
d− 1
α2
g(2)ij = (d− 2)
(
k(1)ij − 1
d
g(0)ijTr[g
−1
(0)k(1)]
)
−
(
R(0)ij − 1
d
g(0)ijR(0)
)
+
1
4α2
(
−g(1)ijTr[g−1(0)g(1)] +
1
d
g(0)ijTr
2[g−1(0)g(1)] + 2
(
g(1) · g(1)
)
ij
+
d− 3
d
g(0)ijTr[g(1) · g(1)]
)
,
(2.38)
ϕ(0) =
1
α2
N(0) , (2.39)
d(d− 1)
N(0)
ϕ(2) = −2(d− 1)Tr[g−1(0)k(1)] +R(0) +
1
4α2
(
Tr2[g−1(0)g(1)] + (2d− 3)Tr[g(1) · g(1)]
)
,
(2.40)
σ(1)i = ∂iN(0) , (2.41)
2(d− 1)
N(0)
σ(2)i = − (0)∇j
(
g−1(0)g(1)
)j
i
+ ∂iTr[g
−1
(0)g(1)]− (d− 1)g(1)ij (0)∇j logN(0) , (2.42)
where R(0)ij := Rij [g(0)] and
(0)∇ig(0)jk := 0, and where the indices are raised and lowered
with g(0)ij and the inner product taken with respect to the latter. It is also useful to emphasize
that in three and four bulk dimensions the coefficient g(2)ij simplifies as:
10
g(2)ij =
1
4
(
g(1) · g(1)
)
ij
(d = 1, 2) . (2.43)
In appendix C where the decomposition of the Ricci tensor is given we introduced the
tensor kij defined as:
kij :=
1
2N(0)
(∂u −£σ) gij . (2.44)
This tensor is proportional to the extrinsic curvature of the surfaces of constant time on each
submanifold {z = constant}. From the metric asymptotics, kij admits the expansion:
kij = k(0)ij + z k(1)ij + ...+ z
d+1k(d+1)ij + z
d+1 log z k˜(d+1)ij + ... (2.45)
Each coefficient k(n<d+1)ij can be written in terms of quantities defined at the boundary. For
10For d = 1 the coefficient g(2)ij is totally determined by the trace constraint: Tr[g
−1
(0)g(2)] =
1
4Tr[g
−1
(0)g(1)g
−1
(0)g(1)] that follows from equations (C.258) and (C.261). For d = 2 we use the matrix identity
(D.264) to simplify equation (2.38).
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the first and second subleading orders we find:11
k(0)ij =
1
2N(0)
(
∂u −£σ(0)
)
g(0)ij =
1
α
K(0)ij , (2.46)
k(1)ij =
1
2N(0)
[ (
∂u − £σ(0)
)
g(1)ij − £σ(1)g(0)ij
]
= £n(0)K(0)ij − (0)∇ia(0)j − a(0)ia(0)j
= Rij [q(0)]−Rij [g(0)] + 2
(
K(0) ·K(0)
)
ij
−K(0)K(0)ij , (2.47)
where K(0)ij is the extrinsic curvature of the surfaces of constant time at the boundary,
na(0)∂a = αN
−1
(0)
(
∂u − σi(0)∂i
)
is the unit normal to these surfaces and a(0)i = ∂i logN(0) the
acceleration. Also, Rij [q(0)] are the spatial components of the Ricci tensor Rab[q(0)] of the
boundary metric and we will see in section 3.2 that its trace will represent the holographic
Weyl anomaly in three bulk dimensions in the zero Λ limit.
Let us start by discussing the solutions for the coefficients G(n)µν . If the cosmological
constant is non-vanishing, from the expressions (2.37)–(2.42) it follows that these coefficients
are indeed local functionals of the sources G(0)µν . On the other hand, in the case α
−1 = 0 we
find that the algebraic equation for a given coefficient g(n)ij becomes a differential equation
for the coefficient g(n−1)ij and therefore the coefficients G(n)µν become non-local functionals of
the sources. This feature is responsible for the fact that holographic renormalization cannot
be extended in a straightforward way to Ricci-flat spacetimes (see e.g. [13, 17]) and we will
discuss this aspect in the next sections. The asymptotic expansions (2.34)–(2.36) together
with the equations for the coefficients with α−1 = 0 represent the unique asymptotics at null
infinity of all Ricci-flat metrics that result from Einstein metrics in the zero Λ limit.
In the case of α finite, the sources G(0)µν are arbitrary functions, so we may have solutions
of the equations of motion with Λ switched on that diverge as α → ∞. The same applies
to the normalisable modes G(d+1)µν . We are interested in those Ricci-flat metrics that result
from the zero Λ limit, so we need to restrict our space of solutions of Einstein metrics to the
subspace of those that admit the limit. For this purpose we require that the coefficients in
the expansions (2.34)–(2.36) be non-divergent as α→∞. For the normalisable modes, it is
sufficient to restrict to those configurations that satisfy: G(d+1)µν = O (α0). On the other
hand, since the coefficients G(n)µν and G˜(d+1)µν are all functionals of the sources up to order
zd+1, this requirement imposes specific behaviours in α of the time derivatives of g(0)ij . From
11In the final expression for k(1) we made use of equations (2.37) and (2.41) and of the standard Gauss-
Codazzi identities.
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equations (2.37) and (2.38) for example it follows that:
(∂u −£σ(0))g(0)ij = O (α−2) , (2.48)
(d− 2)
(
k(1)ij − 1
d
g(0)ijTr[g
−1
(0)k(1)]
)
−
(
R(0)ij − 1
d
g(0)ijR(0)
)
= O (α−2) , (2.49)
with k(1)ij expressed in terms of (∂u − £σ(0))2g(0)ij by using equations (2.37), (2.41) and the
first identity in equation (2.47). From a holographic perspective, well-definedness of the
gravity solutions in the zero Λ limit then translates into a statement about the sources and
states on the QFT side. We will find another example of such a correspondence between the
existence of the zero Λ limit of bulk solutions and the time behaviour of the sources when
we discuss non-backreacting matter in AdS in section 4.1.
It is worth comparing the asymptotic behaviour (2.34)–(2.36) of the spacetime metric
in the limit α → ∞ with the standard definitions of asymptotic flatness at null infinity.
For vacuum spacetimes in odd bulk dimensions higher than four, half integer powers in the
asymptotics of the metric (starting at order zd/2 in the conformal embedding G˜µν) are pos-
tulated in the definitions of asymptotic flatness so that linearized pertubations of the metric
preserve the definition when the spacetime contains gravitational radiation [57, 58, 63] (see
also [59, 60, 64]). The absence of half integer powers in the asymptotics (2.34)–(2.36) seems
to indicate that vacuum, radiating spacetimes cannot be obtained from the zero Λ limit of
Einstein metrics in five or higher odd dimensions. It is also worth emphasizing the presence
of the inhomogeneous logarithmic terms in the asymptotics of the metric,12 as well as the
fact that the first subleading terms in the asymptotic expansions start at order z. The loga-
rithmic terms are usually absent in the definitions of asymptotic flatness (see, however, the
discussion in [65]) and the first subleading terms are usually postulated to start at order zd/2
both in even and odd bulk dimensions.
The above results suggest that vacuum spacetimes containing gravitational radiation in
the sense of [57, 58, 63] cannot be obtained from the zero Λ limit of Einstein metrics in five
or higher odd dimensions. This subject will be analysed in more detail elsewhere, but we
can already remark that this result is interesting in the context of AdS/CFT. One possible
way to study holographically Hawking radiation from a black hole in AdS is by coupling the
12The fact that the logarithmic terms are non-vanishing in five or higher odd bulk dimensions is associated
to the fact that the conformal anomaly of the dual field theory is non-vanishing in even (d + 1) boundary
dimensions.
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dual CFT to another system such as a heat bath that draws energy away from the original
field theory and which is used to measure the outgoing Hawking radiation. In the bulk, this
construction corresponds to letting the radiation cross the boundary and then measuring
it. This type of setup can in principle be used to understand more clearly the information
loss problem in AdS. One could then hope to draw lessons for the corresponding problem
in flat space by scaling the coupling constant in the coupled system in a specific way and
taking the zero Λ limit. One would then naively expect to obtain a radiating solution in
the bulk after this limit is taken, but the above results suggest that this will not be the case.13
As discussed above, the integration constants of the dynamical equations of motion for
the metric are the modes G(0)µν and G(d+1)µν for non-vanishing Λ. On the other hand, we
have also seen that the algebraic equation for a given g(n)ij is of the form:
d+ 1− n
α2
g(n)ij = ω
(
∂u − £σ(0)
)
g(n−1)ij + ... (2.50)
where the ellipsis denote lower order terms and ω is some proportionality factor. In the
limit α→∞ the algebraic equation for g(n) therefore results in the differential equation that
defines the coefficient g(n−1). However, from the dynamical equation (C.257) and (C.261) for
the metric component gij we find that ω is always proportional to 2(n− 1)− d.14 This im-
plies that the coefficient g(d/2)ij , or more precisely k(d/2)ij , becomes the integration constant
in the limit α → ∞ instead of g(d+1)ij . For odd values of d, d/2 is half-integer, so there is
no coefficient g(d/2)ij in the expansion (2.34). This would be the leading mode that spoils
smoothness of the metric in the definitions of asymptotic flatness at null infinity in odd
dimensions as discussed above. On the other hand, the coefficient g(d/2)ij is non-vanishing
for even bulk dimensions. Just as the integration constants G(d+1)µν are associated to the
different components of the holographic energy tensor for the case of non-vanishing Λ, the
coefficient g(d/2)ij , or k(d/2)ij , will be related to the spatial components of the QFT energy
tensor in even dimensions in the limit α →∞. We will derive this result for the case d = 2
in section 3.3.2.
As a final remark, we will not discuss here the asymptotic symmetry group BMSd+2
of the metric (2.29) in the limit α → ∞ and the associated asymptotic charges, but we
13I would like to thank the referee for raising this point and to Marika Taylor for pointing out to me this
setup.
14This fact follows from the two terms 4k′ij − 2d/z kij in the last line of (C.257).
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would still like to point out that our gauge-fixed metric is not invariant under boundary
diffeomorphisms (i.e. transformations of the form u → u˜(u, x), xi → x˜i(u, x)) that do not
preserve the foliation in surfaces of constant u. In fact, there is no gauge one can choose
– where the gauge freedom has been completely fixed – that simultaneously admits a well-
behaved zero Λ limit and is invariant under general boundary diffeomorphisms. This is so
because the asymptotic boundary should approach a null manifold in the limit α→∞ and
therefore any gauge admitting a well-behaved zero Λ limit necessarily singles out the timelike
direction as a preferred direction over the remaining boundary coordinates.
This observation implies in particular that the subgroup of the asymptotic symmetry
group of the metric consisting of boundary diffeomorphisms must be foliation-preserving:15u → u˜(u) ,xi → x˜i(u, x) . (2.51)
Furthermore, since full covariance, or gauge invariance, is weakened by the requirement that
the limit α → ∞ be well-defined, the spectrum of possible holographic counterterms that
we can have in the counterterm action is widened. We will see in the next sections that
the canonical, fully covariant counterterms [62] are sufficient to render the on-shell gravity
action finite once the regulator is removed, but if we also require that the action be finite
in the limit α→∞, further counterterms are needed. The latter preserve invariance of the
action under all but those diffeomorphisms that are not foliation-preserving.
Finally, it should be emphasized that the asymptotic symmetry group of the metric
contains a subgroup that generates conformal transformations at the boundary. This consists
of the transformation z → z¯ = zΩ(u, xi) together with xa → x¯a = Xa(u, xi) + z Y a(u, xi) +
O (z2), where the functions Xa are defined to satisfy: q(0)abdXadXb = Ω2q(0)abdxadxb, and
where the functions Y a(u, xi) can be chosen so that the transformation is asymptotically a
symmetry.16
3 Holographic energy tensor
3.1 Preliminaries
In order to compute the vacuum expectation value of the dual QFT energy tensor via
the AdS/CFT prescription, we need to evaluate the gravitational action (2.9) on-shell and
15See [66] and references therein for a review of foliation preserving diffeomorphisms.
16See also [67] about the relation between bulk diffeomorphisms and conformal transformations at the
boundary in the context of AdS/CFT.
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subtract the divergences via holographic renormalization [62, 13]. In the previous section
we found that the coefficients in the asymptotic solution for the metric become non-local
functionals of the sources in the limit α→∞ and emphasized that this feature prevents the
holographic renormalization of the action in the case of a vanishing cosmological constant.
Indeed, if we attempt to renormalize the gravity action (2.9) with α−1 = 0, we find that the
divergent terms are functionals of the coefficients G(n)µν . In this way, the divergences are
not local functionals of the sources and therefore cannot be subtracted by local, covariant
counterterms. On the other hand, it is possible to renormalize the action with the cosmolog-
ical constant switched on and in the end analyse the limit α →∞, so this is the procedure
we will follow.
The induced metric and extrinsic curvature qab and Qab of the surfaces of constant z are
given by:
qabdx
adxb =
ℓ2o
z2
(
− ϕN(0)du2 + gij
(
dxi + σidu
) (
dxj + σjdu
) )
, (3.52)
Qab =
1
2β
(
∂z − £βn
)
qab
= nanb
1
2βϕ
[
− ϕ′ + 2
z
ϕ+
1
N(0)
(
(σiσ
i)′ − 2
z
σiσ
i
)
+ (∂u − £σ) logN(0) − (∂u +£σ) logϕ− 2
ϕ
σiσjkij
]
− n(a∂b)xi 1
N(0)
[
σ′i −
2
z
σi −N(0)∂i logϕ− 2
ϕ
N(0)σ
jkij
]
+ ∂ax
i∂bx
j βϕ
2N(0)
[
g′ij −
2
z
gij − 2
ϕ
N(0)kij
]
, (3.53)
where β := (ℓo/z)
√
N(0)/ϕ is the lapse function of the surfaces of constant z, σi := gijσ
j ,
and the prime denotes differentiation with respect to z. Also: na = −ϕβ∂au , na∂a =
ϕ−1β−1(∂u − σi∂i) represents the future-directed unit normal to the surfaces of constant
time on each hypersurface of constant z. The on-shell action is then given by:
16πG0 S
on−shell =
∫
ddx du
ǫ∫
dz
ℓd+2o
zd+2
N(0)
√
g
(
−2 d+ 1
α2ℓ2o
)
+
∫
z=ǫ
ddx du
ℓdo
ǫd
√
g
(
− 2(d+ 1) ǫ−1ϕ+ ∂ǫϕ+ ϕTr[g−1g′] + (∂u −£σ) log (ϕ/N(0))− 2N(0)k
)
,
(3.54)
where k = gijkij . In the above we have replaced the asymptotic boundary {z = 0} by a
regulating surface {z = ǫ} and once the vevs are computed we will remove the regulator
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by taking the limit ǫ → 0. Note also that the last term in (3.54) is a total derivative and
therefore can be removed from the on-shell action:17
−2ℓ
d
o
ǫd
∫
z=ǫ
ddx du
√
gN(0)k = −2ℓ
d
o
ǫd
∫
z=ǫ
ddx du (∂u −£σ)√g . (3.55)
The next step in determining the divergences of the action is to use our asymptotic solutions
(2.34)–(2.36) for the fields ϕ, σi and gij and replace the expressions in (3.54). We then
look for all the terms that are proportional to negative powers of ǫ, as well as to factors of
log ǫ, and rewrite the respective coefficients in terms of the sources G(0)µν using (2.37)–(2.42).
These terms are those that diverge if the limit ǫ→ 0 is taken. Then, we invert the asymptotic
expansions (2.34)–(2.36) in order to express the sources G(0)µν order by order in ǫ in terms of
the fields ϕ, σi and gij, and then replace the inverted expansions G(0)µν = G(0)µν [ϕ, σ
i, gij] in
the coefficients of the ǫ<0 divergent terms (as well as the log ǫ terms) in the on-shell action.
The process results in the set of terms that contribute to the divergences of the on-shell
action if the regulator ǫ is sent to zero. The divergent terms obtained in this way are written
in a covariant form (except possible anomalous terms depending explicitly on the regulator
via a factor of log ǫ) and can then be subtracted from the action by a counterterm action
Sct consisting of minus such terms. The renormalized gravity action Sren will then consist
of the original action (2.9) plus the counterterm action Sct derived in this way.
As the spacetime dimension increases, the number of covariant boundary counterterms
increases, so we will focus separately on the cases of three and four bulk dimensions. For
each case, these counterterms must nevertheless coincide with the canonical counterterms
originally obtained in [68, 69, 70, 71, 62]. Although the latter were derived in a different
coordinate gauge near the asymptotic boundary, these counterterms are covariant and there-
fore independent of the coordinate system we use. The possible exception are the anomalous
counterterms in [62] that depend explicitly on the regulator and therefore that are not in-
variant under the full diffeomorphism group.
Apart from the canonical counterterm action, we are always free to add finite boundary
terms to the renormalized gravity action Sren that do not contribute with divergences in
the limit ǫ → 0 and that provide a non-vanishing contribution to the finite piece once the
17If we also consider null boundaries {u = u±} in the spacetime, such term results in a corner integral
−2 ∫ ddx√γ at {z = ǫ, u = u±}, with γij the induced metric on these codimension two surfaces. Corner
terms will be analysed in section 3.4.
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regulator is removed. These terms are dual to a choice of renormalization scheme in the
quantum field theory. In our case, once Sren has been determined by the above procedure,
we will have to take care of the zero Λ limit α → ∞. This is done by evaluating Sren
on-shell, taking the limit ǫ → 0 and looking for all those terms that diverge if the limit
α → ∞ is taken. Such terms will always be proportional to positive powers of αǫ0 and the
respective coefficients will always be local functionals of the sources G(0)µν . These α-divergent
terms can then be subtracted by adding a finite boundary action Sfinite to Sren (finite in ǫ)
consisting of minus such terms. The subtraction of divergences associated to the zero Λ limit
is therefore related in this way to a choice of scheme in the dual QFT. As emphasized at
the end of section 2, however, these finite boundary terms will be invariant under spacetime
diffeomorphisms that preserve our foliation, but will break invariance of the gravity action
Sren+Sfinite under those diffeomorphisms that are not foliation-preserving. This fact implies
that the renormalization of quantum field theories with gravity duals that admit a well-
defined zero Λ limit must involve renormalization schemes that break invariance of the QFT
under transformations that do not preserve the spacelike foliation at the boundary.
3.2 Three bulk dimensions
3.2.1 Renormalization
If we follow the procedure described above for the case d+2 = 3, we find that the counterterm
action is the canonical one in standard AdS3 holographic renormalization:
16πG0 Sren =
∫
d3x
√
G
(
d(d+ 1)
α2ℓ2o
+R[G]
)
+ 2
∫
z=ǫ
d2x
√
q Q +
2 d
α ℓo
∫
z=ǫ
d2x
√
q ,(3.56)
Note, however, the absence of the anomalous topological invariant:
αℓo
∫
z=ǫ
d2x
√
q R[q] log ǫ , (3.57)
that arises in the canonical holographic counterterm action. Although such term does not
contribute to the variations of the action, it plays an important role in the holographic
correspondence: it represents the fact that we cannot renormalize the generating functional
Z of the dual QFT and preserve all its symmetries. Such term breaks invariance of the
gravity action under bulk diffeomorphisms that result in a conformal transformation at the
boundary and it is dual to those counterterms in the renormalization of Z that do not
preserve the conformal symmetry.
This term is absent in the present case because we have been careless about possible
corner terms in the renormalized gravity action, i.e. about integrals on the codimension two
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surfaces {z = ǫ, u = ±∞}. Note that in the case of a two dimensional manifold, the Ricci-
scalar R[q] can always be written as a total derivative (though not necessarily as an exact
form). This is so because we can always imagine some hypersurface, say spacelike, in the
two dimensional manifold and use the Gauss-Codazzi identities to express R[q] as:
R[q] = R[γ]−K2 +K ·K + 2Da (naK − aa) , (3.58)
where γij is the metric on the hypersurface, Kij its extrinsic curvature, and n
a and aa the
unit normal and acceleration of the surface. Also, Dc qab := 0. Since the hypersurface is one-
dimensional, then R[γ] vanishes, and the terms K2 and K · K cancel one another, leaving
us with a total derivative. In our case, if we choose such hypersurface to be a surface of
constant time u, we find:
αℓo
∫
z=ǫ
dx du
√
q R[q] log ǫ = −2αℓo
(∫
z=ǫ
dx
√
γ K log ǫ
)u=+∞
u=−∞
, (3.59)
which is a corner term. Such type of terms do not contribute to the computations of the vev
of the QFT energy tensor and we will defer a detailed analysis of the possible corner terms
until section 3.4. There we will find that the holographic renormalization of the gravity
action indeed requires the term (3.59) as a counterterm.
Given the renormalized action (3.56) we now proceed as discussed at the end of section 3.1
and analyse whether the zero Λ limit of the on-shell action was spoiled by the counterterm.
We evaluate (3.56) on-shell, take the limit as the regulator ǫ → 0 and, within the set of
terms that survive the limit, we look for those that are proportional to positive powers of
α. In three dimensions no such terms exist, which means that the canonical counterterm
simultaneously renormalizes the gravity action and preserves the well-definedness of the zero
Λ limit.
3.2.2 Vacuum expectation values
Now that we have guaranteed that the on-shell gravity action is free of divergences, we are
in position to compute the holographic energy tensor. The variations of the renormalized
on-shell action are given by:
16πG0 δS
on−shell
ren =
∫
z=ǫ
d2x
√
q (Qab − qabQ) δqab − d
αℓo
∫
z=ǫ
d2x
√
q qabδq
ab . (3.60)
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The renormalized Brown-York tensor [72] is then given by:
Tab :=
2√
q
δSon−shellren
δqab(z = ǫ)
=
1
8πG0
(
Qab − qabQ− 1
αℓo
qab
)
. (3.61)
Using the expression (3.52) for the induced metric qab we now decompose the variations δq
ab
in terms of the variations of the lapse, shift and spatial metric:
δqab =
(
2nanb/N
)
δN +
(
2n(aγi
b)/N
)
δσi + γai γ
b
j δγ
ij , (3.62)
where: N = (ℓo/z)
√
ϕN(0) , γij = (ℓo/z)
2gij and: γ
ab = qab + nanb. Following [72] we then
define the spatial stress tensor density sij, and the momentum and energy densities ji and ε
as:
sij := γ
a
i γ
b
j Tab =
2
N
√
γ
δSon−shellren
δγij
, (3.63)
ji := −naγbi Tab = −
1√
γ
δSon−shellren
δσi
, (3.64)
ε := nanb Tab =
1√
γ
δSon−shellren
δN
. (3.65)
We also define the trace density T as:
T := qab Tab =
(
γab − nanb)Tab = γijsij − ε . (3.66)
Using the AdS/CFT prescription and recalling the leading order behaviour (2.33), the ex-
pectation value of the dual field theory energy tensor is given by:
〈Tab〉 = 2√
q(0)
δSon−shellren
δqab(0)
= lim
ǫ→0
ℓd−1o
ǫd−1
Tab . (3.67)
In terms of the above decomposition of Tab, the spatial and time components of the holo-
graphic energy tensor are then given by:
〈sij〉 := g a(0)ig b(0)j 〈Tab〉 =
2
1
α
N(0)
√
g(0)
δSon−shellren
δgij(0)
= lim
ǫ→0
(
ℓd−1o
ǫd−1
sij
)
, (3.68)
〈ji〉 := −n a(0)g b(0)i 〈Tab〉 = −
1√
g(0)
δSon−shellren
δσi(0)
= lim
ǫ→0
(
ℓdo
ǫd
ji
)
, (3.69)
〈ε〉 := n a(0)n b(0) 〈Tab〉 =
1√
g(0)
δSon−shellren
δ( 1
α
N(0))
= lim
ǫ→0
(
ℓd+1o
ǫd+1
ε
)
, (3.70)
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where the induced metric gab(0) = q
ab
(0) + n
a
(0)n
b
(0). The vev of the trace of the QFT energy
tensor is also given by:
〈T 〉 := qab(0)〈Tab〉 = gij(0)〈sij〉 − 〈ε〉 = limǫ→0
(
ℓd+1o
ǫd+1
T
)
. (3.71)
Now, by construction, the above vacuum expectation values cannot admit a well-behaved
zero Λ limit because the lapse 1
α
N(0) vanishes in this limit. For the vev of the stress tensor
we have:
〈sij〉 = α
(
2
N(0)
√
g(0)
δSon−shellren
δgij(0)
)
→∞ (α→∞) . (3.72)
Similarly, for the vev of the energy density:
〈ε〉 = α
(
1√
g(0)
δSon−shellren
δN(0)
)
→∞ (α→∞) . (3.73)
What we need to do is to work with the quantities that are well-defined in both cases Λ 6= 0
and Λ = 0 and these are represented by the tensor densities:
√
q(0) 〈sij〉 = 2 δS
on−shell
ren
δgij(0)
, (3.74)
√
q(0) 〈ε〉 = N(0) δS
on−shell
ren
δN(0)
, (3.75)
where:
√
q(0) =
1
α
N(0)
√
g(0). A straightforward computation using (3.61) and (3.53) then
leads to the following one-point functions:
√
q(0) 〈sij〉 = ℓo
8πG0
N(0)
√
g(0)
(
− ϕ(2)
2N(0)
g(0)ij
)
, (3.76)
√
q(0) 〈ε〉 = ℓo
8πG0
N(0)
√
g(0)
(
1
α2
Tr[g−1(0)g(2)]−
ϕ(2)
2N(0)
− Tr[g−1(0)k(1)]
)
, (3.77)
〈ji〉 = − ℓo
8πG0
N−1(0)
(
σ(2)i +
1
2
(g−1(0)g(1))
j
i∂jN(0)
)
. (3.78)
We therefore find as usual that the normalisable modes G(d+1)µν are directly associated to
the vacuum expectation values [62]. Note that these expressions admit a well-behaved limit
α→∞.
3.2.3 Weyl anomaly
For the vev of the trace we find:
√
q(0) 〈T 〉 = ℓo
8πG0
N(0)
√
g(0)
(
− 1
α2
Tr[g−1(0)g(2)] + Tr[g
−1
(0)k(1)]
)
. (3.79)
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Notice now that if we perform a decomposition of the Ricci scalar of the QFT metric as in
(3.58) we obtain:
R[q(0)] = R[g(0)]−K2(0) +K(0) ·K(0) + 2(0)Da
(
na(0)K(0) − aa(0)
)
, (3.80)
where (0)Dcq(0)ab := 0. A quick computation using (2.46), (2.37) and (2.43) then reveals that:
R[q(0)] = 2
(
− 1
α2
Tr[g−1(0)g(2)] + Tr[g
−1
(0)k(1)]
)
. (3.81)
Replacing in (3.79) results in the standard holographic Weyl anomaly:
√
q(0) 〈T 〉 = ℓo
16πG0
N(0)
√
g(0)R[q(0)]
=
αℓo
16πG0
√
q(0) R[q(0)]
=
c
24π
√
q(0)R[q(0)] , (3.82)
where c = 3αℓo/(2G0) is the standard central charge in the AdS3/CFT2 correspondence.
Note that the anomaly admits a well-behaved zero Λ limit. Using equation (3.79) we find:
lim
α→∞
√
q(0) 〈T 〉 = ℓo
8πG0
N(0)
√
g(0) k(1) , (3.83)
where k(1)ij is given in equation (2.47) and therefore is non-divergent as α→∞ (it is totally
written in terms of the coefficients (2.34)–(2.36) without positive powers of α). Since the
anomaly admits a well-defined zero Λ limit, a central charge can be introduced in this limit.
This can be done by rewriting the right-hand side of equation (3.83) as a geometric invariant
of quantities that are well-defined at the null boundary:
lim
α→∞
√
q(0) 〈T 〉 = ℓo
8πG0
N(0)
√
g(0)
(0)Da
(
na(0)K(0) − aa(0)
)
. (3.84)
In order to compare this result with that of [32, 35], we introduce the same limit discussed
in these references to obtain:
lim
α→∞
(
G0
αℓo
√
q(0) 〈T 〉
)
=
1
8π
√
q(0)
(0)Da
(
na(0)K(0) − aa(0)
)
. (3.85)
The proportionality constant between the trace and the total derivative is then:
1
8π
=
c
24π
, (3.86)
where c = 3 is the Virasoro central charge in the central extension of the asymptotic sym-
metry group bms3 of three dimensional flat gravity [32, 35].
18
18The central charge cLM in reference [35] is related to ours as: cLM = c/12 since we follow the convention
of formula (1) in this reference as can be seen by comparing the central charge in this formula with that in
the AdS case (3.82).
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3.2.4 Improved energy tensor
If we return to the full Weyl anomaly (3.79) or (3.82) for generic Λ and use equations (2.43),
(2.47) and (2.41), we can rewrite it in terms of the coefficient g(1)ij as:
√
q(0) 〈T 〉 = ℓo
8πG0
N(0)
√
g(0)
(
− 1
4α2
(g(1) · g(1)) + 1
2N(0)
gij(0)(∂u −£σ(0))g(1)ij −
1
N(0)
(0)
N(0)
)
.
(3.87)
Notice now from equation (2.37) that a non-vanishing coefficient g(1)ij represents the fact
that the QFT metric is time dependent. The boundary shift σi(0) can always be fixed to
any configuration by boundary diffeomorphisms; in particular, we can fix σi(0) to zero by
the transformation xi → xi − ∫ du σi(0). In such coordinates, equation (2.37) becomes:
N(0)/α
2 g(1)ij = ∂ug(0)ij . Therefore, if the QFT metric (2.33) is static the Weyl anomaly
becomes:
√
q(0) 〈T 〉 = − ℓo
8πG0
√
g(0)
(0)
N(0)
= − αℓo
8πG0
√
q(0)
(0)Db ab(0) , (3.88)
where the acceleration aa(0) = g
ab
(0)∂b logN(0) as before. Using the definition of g
ab
(0) this can be
rewritten as:
√
q(0) 〈T 〉 = − αℓo
8πG0
√
q(0)
(
(0)Da(0)Da logN(0) + (0)Da
(
na(0)n
b
(0)∂b logN(0)
))
. (3.89)
Since the boundary metric is static, the second total derivative vanishes: nb(0)∂b logN(0) =
α/N(0)(∂u − σi(0)∂i) logN(0) = 0. The first total derivative that remains is unphysical in the
sense that it can be absorbed in an improved energy tensor Θab defined in terms of the QFT
energy tensor T ab and covariant derivatives of the acceleration aa(0), or of the lapse logN(0)
(see e.g. [73]). The conformal Ward identity then becomes:
√
q(0) 〈Θaa〉 = 0 , (3.90)
for a static metric q(0)ab. In section 3.3.2 we will find another example where an improved
energy tensor can be defined such that staticity of the boundary metric restores conformal
invariance of the field theory.
3.2.5 Diffeomorphism Ward identity
In order to verify that the holographic energy tensor is conserved we need to solve the
constraint equations (C.259)–(C.260) using (C.261) for the normalisable modes. At first
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subleading order with d = 1 these two equations result in the constraints:
1√
g(0)
(
∂u − £σ(0)
)(√
g(0) N
−1
(0)
(
σ(2)i +
1
2
(g−1(0)g(1))
j
i ∂jN(0)
))
= −1
2
∂iϕ(2) +
(
1
α2
Tr[g−1(0)g(2)]−
ϕ(2)
2N(0)
− Tr[g−1(0)k(1)]
)
∂iN(0) , (3.91)
1√
g(0)
(
∂u − £σ(0)
)(√
g(0)
(
− 1
α2
Tr[g−1(0)g(2)] +
ϕ(2)
2N(0)
+ Tr[g−1(0)k(1)]
))
=
1
2
ϕ(2) k(0) − 1
α2N(0)
(0)∇i
(
N(0)
(
σi(2) +
1
2
gij(1)∂jN(0)
))
. (3.92)
These constraints result in the conservation equations for the QFT energy tensor:
0 = (0)Da
(√
q(0) 〈T ai〉
)
=
(
∂u −£σ(0)
) (√
g(0) 〈ji〉
)
+ (0)∇j
(√
q(0) 〈sji〉
)
+
√
q(0) 〈ε〉 ∂i logN(0) , (3.93)
0 =
1
α
nb(0)
(0)Da
(√
q(0) 〈T ab〉
)
= −
(
∂u −£σ(0)
)(
N−1(0)
√
q(0) 〈ε〉
)
−N−1(0) (0)∇i
(
(N(0)/α)
2√g(0) 〈ji〉
)
+
√
q(0) 〈sij〉 k(0)ij .
(3.94)
3.2.6 BTZ and 3-dimensional cosmology
In this section we would like to make a brief application of the results obtained so far to
a particular bulk metric and the spacetime we are interested in is the BTZ black hole and
its zero Λ limit, which represents a cosmological solution [74]. In Eddington-Finkelstein
coordinates the BTZ metric is given by:
ds2 = −
(
−8MG0 + r
2
ℓ2
+
(
4aG0
r
)2)
du2 + 2dudr + r2
(
dθ − 4aG0
r2
du
)2
, (3.95)
where the cosmological constant Λ = −ℓ−2,M is the mass of the spacetime and a the angular
momentum. Also, the angular coordinate θ ∈ [0, 2π[. In order to bring the metric to the
form (2.29) we introduce a coordinate z := ℓ2o/r:
ds2 =
ℓ2o
z2
(
−
(
1
α2
− 8MG0
ℓ2o
z2 +
(
4aG0
ℓ3o
)2
z4
)
du2 − 2dudz + ℓ2o
(
dθ − 4aG0
ℓ4o
z2du2
)2)
.
(3.96)
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Note that the metric is well-defined in the limit α → ∞. For this solution the holographic
energy tensor reads:
√
q(0) 〈sij〉 = √g(0)
(
M
2πℓo
g(0)ij
)
, (3.97)
√
q(0) 〈ε〉 = √g(0)
(
M
2πℓo
)
, (3.98)
〈ji〉 = a
2πℓo
, (3.99)
where the spatial metric g(0)ijdx
idxj = ℓ2odθ
2. In this case, the characteristic length ℓo
represents the radius of the boundary cylinder. If we then introduce the average energy 〈E〉
over a time interval 2T we obtain:
〈E〉 := 1
2T
T∫
−T
du
∫
ddx
√
q(0) 〈ε〉 = M . (3.100)
Also, for the angular momentum we find:
〈Ji〉 :=
∫
ddx
√
g(0) 〈ji〉 = a . (3.101)
Note that these results can be extended to the zero Λ limit of the solution and coincide with
those obtained in [39, 35] via a thermodynamics analysis of the respective three-dimensional
cosmological solution.
3.3 Four bulk dimensions
3.3.1 Renormalization
In the case of d+ 2 = 4 dimensions the renormalized action is given by:
16πG0 Sren =
∫
d4x
√
G
(
d(d+ 1)
α2ℓ2o
+R[G]
)
+ 2
∫
z=ǫ
d3x
√
q Q
+
2 d
αℓo
∫
z=ǫ
d3x
√
q +
αℓo
d− 1
∫
z=ǫ
d3x
√
q R[q] , (3.102)
where the counterterms again coincide with the canonical ones in four bulk dimensions. The
next step is to determine whether the renormalization spoils the zero Λ limit of the action.
In the present case, if we evaluate Sren on-shell and take the limit ǫ → 0 as described in
section 3.1, we find again that no terms proportional to positive powers of α survive and
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therefore that the limit α→∞ is still wel-defined in the presence of the counterterm action.
However, this feature is peculiar to our particular choice of boundary lapse function N(0). In
section 2.1 and 2.2 we found that, in general, the metric component ϕ admits an arbitrary
term zϕ(1) in the asymptotic expansion. We then argued that it is always possible to redefine
the coordinate z and choose some new function N(0) as in (2.26) such that the term ϕ(1) is
removed from the asymptotics. On the other hand, if we choose to decouple N(0) from ϕ(1)
by requiring that equation (2.26) for N(0) does not hold, then the asymptotic solution (2.35)
for ϕ will admit a term zϕ(1), with ϕ(1)(u, x) an arbitrary function. In such case, the solution
(2.37) is modified to:
1
2α2
g(1)ij = k(0)ij +
ϕ(1)
2N(0)
g(0)ij . (3.103)
Although the renormalization in the three dimensional case analysed in the previous section
remains unaffected, if we switch on the coefficient ϕ(1) by allowing the lapse N(0) to be
independent, the canonical counterterm action in the four dimensional case will spoil the
zero Λ limit via the term:
lim
ǫ→0
16πG0 S
on−shell
ren =
α2ℓ2o
2
∫
z=0
d3x
√
g(0) ϕ(1)R[g(0)] +O (α≤0) , (3.104)
whereO (α≤0) denotes terms proportional to non-positive powers of α. From equation (3.103)
it follows that the (finite) counterterm that restores the well-definedness of the limit is given
by:
16πG0 Sren =
∫
d4x
√
G
(
d(d+ 1)
α2ℓ2o
+R[G]
)
+ 2
∫
z=ǫ
d3x
√
q Q
+
2 d
αℓo
∫
z=ǫ
d3x
√
q +
αℓo
d− 1
∫
z=ǫ
d3x
√
q R[q]
+
α2ℓ2o
2
∫
z=ǫ
d3x
√
q KR[γ] , (3.105)
with γij and Kij the induced metric and extrinsic curvature of the surfaces of constant time
at the boundary as defined in section 3.2.1. This last counterterm is covariant with respect
to diffeomorphisms that preserve our foliation of the spacetime, but breaks invariance of the
action under those transformations that are not foliation-preserving, as discussed in section
3.1. The latter include those bulk diffeomorphisms that result in a conformal transformation
at the boundary and therefore the trace Ward identity will be affected by such term as
discussed in the next section. This counterterm is also finite in the regulator ǫ and therefore
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must be related to a choice of renormalization scheme in the dual field theory. In particular,
it signals the fact that the scheme cannot preserve the invariance of the QFT under those
transformations that are not foliation-preserving at the boundary if the gravity dual has a
well-defined zero Λ limit. We will find more examples of counterterms of this type in section
4. With our choice of N(0), however, the canonical action (3.102) is well-defined, so we will
ignore for now this extra counterterm and discuss its necessity and implications in the next
section.
3.3.2 Vacuum expectation values and the Ward identities
The variations of the renormalized on-shell action (3.102) are given by:
16πG0 δS
on−shell
ren =
∫
z=ǫ
d3x
√
q (Qab − qabQ) δqab
− d
αℓo
∫
z=ǫ
d3x
√
q qabδq
ab +
αℓo
d− 1
∫
z=ǫ
d3x
√
q
(
Rab[q]− 1
2
qabR[q]
)
δqab .
(3.106)
The spatial and time components of the Brown-York tensor as defined in section 3.2.2 are
then given by:
sij = γ
a
i γ
b
j
(
2√
q
δSon−shellren
δqab(z = ǫ)
)
=
1
8πG0
(
Qij − γijQ− d
αℓo
γij + αℓo
(
Rij [q]− 1
2
γijR[q]
))
, (3.107)
ji = −naγbi
(
2√
q
δSon−shellren
δqab(z = ǫ)
)
=
1
8πG0
(−naQai − αℓo naRai[q]) , (3.108)
ε = nanb
(
2√
q
δSon−shellren
δqab(z = ǫ)
)
=
1
8πG0
(
γijQij +
d
αℓo
+
αℓo
2
(
nanbRab[q] + γ
ijRij[q]
))
. (3.109)
A lengthy computation using the prescriptions (3.74)–(3.75) and (3.69) for the vacuum ex-
pectation values of the components of the dual QFT energy tensor in d+ 2 = 4 dimensions
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results in the following one-point functions:
√
q(0) 〈sij〉 = ℓ
2
o
8πG0
N(0)
√
g(0)
[
3
2α2
g(3)ij − ϕ(3)
2N(0)
g(0)ij
+ α2
((
∂u −£σ(0)
)
k(1)ij − 1
2
g(0)ijTr
[
g−1(0)
(
∂u − £σ(0)
)
k(1)
])
+ ∂(i logN(0)∂j)Tr[g
−1
(0)g(1)]− (0)∇k(g−1(0)g(1))k(i ∂j) logN(0)
+ Xij − 1
2
g(0)ijTr[g
−1
(0)X ]
]
, (3.110)
√
q(0) 〈ε〉 = ℓ
2
o
8πG0
N(0)
√
g(0)
[
− ϕ(3)
N(0)
+ ∂i logN(0)
(0)∇iTr[g−1(0)g(1)]− (0)∇ig(1)ij (0)∇j logN(0)
]
, (3.111)
〈ji〉 = ℓ
2
o
8πG0
[
− 3
2N(0)
σ(3)i
− α2 (0)∇j
(
k(1)ij − 1
2
g(0)ijTr[g
−1
(0)k(1)]
)
+
α2
4
∂iR[g(0)] +Xi
]
. (3.112)
From the trace constraint equation (C.258) using (C.261) it follows that the normalisable
mode g(3)ij is traceless: Tr[g
−1
(0)g(3)] = 0. The trace (3.71) of the holographic energy tensor is
then given by:
〈T 〉 = gij(0)〈sij〉 − 〈ε〉 = 0 . (3.113)
This is the expected result for a conformal field theory in three dimensions. From the above
one-point functions for finite α, we find that the normalisable modes G(d+1)µν are again
mapped to the vacuum expectation values. The expressions for the terms Xij and Xi are
given in appendix D and consist in a set of terms in g(1)ij proportional to non-positive powers
of α. These terms are scheme dependent in the sense that they can be subtracted by a choice
of finite counterterms of the form:
α2ℓ2o
∫
z=ǫ
d3x
√
q
(
a1K
3 + a2K(K ·K) + a3(K ·K ·K) + a4KR[γ] + a5γK + ...
)
.
(3.114)
As discussed in section 3.2.4, a non-vanishing coefficient g(1)ij represents the fact that the
QFT metric is time dependent. It follows that the terms Xij and Xi are possibly non-
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vanishing only if the boundary metric is not static.
Let us then discuss the terms in the second line of (3.110) and (3.112) that depend on
α2. The last of these, (α2/4) ∂iR[g(0)], diverges in the limit α → ∞. Note, however, that if
we preserve the counterterm introduced in (3.105), it will contribute to the variations of the
on-shell action as:
δ
(
α2ℓ2o
2
∫
z=ǫ
d3x
√
q KR[γ]
)
=
α2ℓ2o
2
∫
z=ǫ
d3x
√
g ∂iR[g] δσ
i
+
α2ℓ2o
2
∫
z=ǫ
d3x
√
g
(
gij∇k∇l
(
N(0)kkl
)−∇i∇j (N(0)k)) δgij ,
(3.115)
where ∇igjk := 0. This result implies that the one-point functions will be modified to:19
〈ji〉 → 〈ji〉new = 〈ji〉 − ℓ
2
o
8πG0
(
α2
4
∂iR[g(0)]
)
, (3.116)
√
q(0) 〈ε〉 → √q(0) 〈ε〉new = √q(0) 〈ε〉 , (3.117)
√
q(0) 〈sij〉 → √q(0) 〈sij〉new = √q(0) 〈sij〉
+
ℓ2o
32πG0
√
g(0)
(
g(0)ij
(0)∇k (0)∇l (N(0)g(1)kl)− (0)∇i (0)∇j (N(0)Tr[g−1(0)g(1)])) .
(3.118)
The anomalous counterterm therefore provides a contribution to 〈ji〉 that cancels the α-
divergence proportional to the gradient of the Ricci scalar without introducing further di-
vergences. This is done, however, at the expense of modifying the conformal Ward identity
(3.113) by a total derivative:
√
q(0) 〈T 〉 → √q(0) 〈T 〉new = 0 + ℓ
2
o
16πG0
√
g(0)
(0)∇i (0)∇j
[
N(0)
(
g(1)ij − 1
2
g(0)ijTr[g
−1
(0)g(1)]
)]
=
ℓ2o
8πG0
√
g(0)
(0)∇i (0)∇j
[
αN(0)
(
K(0)ij − 1
2
g(0)ijK(0)
)]
,(3.119)
19As a technical point, if the coefficient ϕ(1) 6= 0 then the last integral in (3.115) will contribute with terms
α2ϕ(1) to 〈sij〉new . However, the previous spatial stress 〈sij〉 will contain the symmetric of such terms if
ϕ(1) 6= 0 such that they cancel overall.
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which is finite in the limit α→∞. Note that if we define:
vij := αN(0)
(
K(0)ij − 1
2
g(0)ijK(0)
)
, (3.120)
vab := gai(0)g
bj
(0)vij , (3.121)
and use the standard identities from the theory of embedded hypersurfaces, we obtain that:
α
√
q(0)
(0)Da
(
N−1(0)
(0)∇bvab
)
=
√
g(0)
(0)∇i (0)∇jvij ,
N−1(0)
(0)∇bvab = (0)DbLab − 1
α
na(0)
(
LijL
ij
)
, (3.122)
with (0)∇a the covariant derivative induced on the surfaces of constant time at the boundary
manifold, associated to the induced metric g(0)ab = q(0)ab + n(0)an(0)b, and where:
Lab := N−1(0) v
ab = α gai(0)g
bj
(0)
(
K(0)ij − 1
2
g(0)ijK(0)
)
. (3.123)
The modified trace Ward identity can then be rewritten as:
√
q(0) 〈T 〉new = ℓ
2
o
8πG0
√
q(0)
[
α (0)Da(0)Db Lab −(0)Da
(
na(0)
(
L · L)) ] . (3.124)
The first total derivative is unphysical because it can be absorbed in an improved energy
tensor Θab defined in terms of the QFT energy tensor Tab and covariant derivatives of Lab
[73], but the second term remains. The Ward identity in such case becomes:
√
q(0) 〈Θaa〉 =
ℓ2o
8πG0
√
q(0)
(0)Dava , (3.125)
where:
√
q(0)
(0)Dava = −√q(0) (0)Da
(
na(0)
(
L · L))
= −∂u
(√
g(0)
1
4
(
g(1) · g(1) − 1
2
Tr[g−1(0)g(1)]
2
))
+ ∂i
(√
g(0) σ
i
(0)
1
4
(
g(1) · g(1) − 1
2
Tr[g−1(0)g(1)]
2
))
, (3.126)
which is finite in the limit α → ∞. This result is expected because the anomalous coun-
terterm in (3.105) breaks, in particular, invariance of the renormalized gravity action under
bulk diffeomorphisms that result in a conformal transformation at the boundary. The gener-
ating functional of the dual QFT therefore will not be conformally invariant unless the QFT
metric is static (which requires g(1)ij = 0). As in section 3.2.4, we find here another relation
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between metric staticity and conformal invariance. Scale invariance of the dual field theory
is, however, preserved because the anomaly is a total derivative. Recall that the breaking
of conformal symmetry follows from the requirement that the renormalized gravity action
be finite in the zero Λ limit. Below we will still discuss the implications of the anomalous
counterterm to the diffeomorphism Ward identity.
With the divergent term (α2/4)∂iR[g(0)] subtracted in this way, the terms proportional
to α2 that remain in the expressions for the vacuum expectation values represent derivatives
of the traceless part of the coefficient k(1)ij :
20

α2
(
∂u − £σ(0)
) (
k(1)ij − 12 g(0)ijTr[g−1(0)k(1)]
)
,
α2 (0)∇j
(
k(1)ij − 12 g(0)ijTr[g−1(0)k(1)]
)
.
(3.127)
These terms cannot be subtracted by covariant counterterms, nor by counterterms of the
form (3.114). This fact implies that the traceless part of k(1)ij needs to admit an expansion
in α of the form:
k(1)ij − 1
2
g(0)ijTr[g
−1
(0)k(1)] =
1
α2
(
κ[0]ij +O (α<0)
)
, (3.128)
with κ[0]ij independent of α. In other words, in three boundary dimensions, only field theory
states dual to bulk solutions that admit the behaviour (3.128) in α result in finite vacuum
expectation values in the limit α → ∞. The expression for κ[0]ij is given by the vev of the
QFT stress tensor in the zero Λ limit. As discussed at the end of section 2.2, in this limit
the coefficient k(1)ij replaces the normalisable mode g(3)ij as the integration constant of the
equations of motion for the case d = 2. Notice then that the coefficient g(3)ij drops out
of equation (3.110) for the expectation value of the spatial stress sij in the limit α → ∞
and the latter is mapped to the Lie derivative of κ[0]ij along n
a
(0) in this limit. In this way,
κ[0]ij is part of the asymptotic bulk data that is mapped to boundary data in the zero Λ limit.
Finally, we will not compute here the diffeomorphism Ward identity for the general case
in d + 2 = 4 dimensions because the constraint equations for the metric are very tedious
to solve at second subleading order, but we will verify it explicitly for the Kerr solution
discussed below. However, we would still like to emphasize that the terms in the holographic
energy tensor that arise from the anomalous counterterm should not contribute to the spatial
20Note that: α2g(0)ijTr
[
g−1(0)
(
∂u −£σ(0)
)
k(1)
]
= α2
(
∂u −£σ(0)
) (
g(0)ijTr[g
−1
(0)k(1)]
)
+O (α0).
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component of the Ward identity. Indeed, if we use the second identity in equation (3.93) and
the expressions for the components of 〈Tab〉new given in equations (3.116)–(3.118), we find:
(0)Da
(√
q(0) 〈T ai〉new
)
= (0)Da
(√
q(0) 〈T ai〉
)
. (3.129)
This is the statement that the anomalous counterterm does not break invariance under
boundary diffeomorphisms (2.51) that are foliation preserving.21 On the other hand, if we
compute the time component of the divergence of 〈Tab〉new using the second identity in (3.94),
we find in general that it is not equal to that of 〈Tab〉. This must necessarily be the case
because the anomalous counterterm is not invariant under those boundary diffeomorphisms
in which the time coordinate transforms as u → u˜(u, xi), and therefore break the spatial
foliation of the boundary.
3.3.3 Kerr solution
As an application of the results of the previous section, we would like to compute the expec-
tation value of the QFT energy tensor evaluated on those states dual to the asymptotically
flat Schwarzschild and Kerr spacetimes. For the case of Schwarzschild-AdS4 , the metric in
the coordinate system (2.29) reads:
ds2 =
ℓ2o
z2
(
−
(
1
α2
+
z2
ℓ2o
− 2MG0
ℓ4o
z3
)
du2 − 2dudz + ℓ2o dΩ2
)
, (3.130)
with dΩ2 = dθ2 + sin2 θdφ2 the metric on the S2 and where the cosmological constant
Λ = −3/(α2ℓ2o). In the limit α → ∞ the metric tends to four dimensional Schwarzschild.
The expectation values of the components of the holographic energy tensor in this case
become:
√
q(0) 〈sij〉 = √g(0)
(
M
8πℓ2o
g(0)ij
)
, (3.131)
√
q(0) 〈ε〉 = √g(0)
(
M
4πℓ2o
)
, (3.132)
〈ji〉 = 0 , (3.133)
where the spatial metric g(0)ijdx
idxj = ℓ2o dΩ
2. These expressions still hold in the zero Λ
limit. The average energy 〈E〉 as defined in (3.100) is then equal to M .
21These are essentially spatial diffeomorphisms plus a possible redefinition of the time coordinate.
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In the case of Kerr spacetime, the metric in Gaussian null coordinates is very com-
plicated,22 but we can deduce its asymptotics up to the desired order from the following
considerations. The Kerr metric follows from the zero Λ limit of Kerr-AdS4 and the latter
is asymptotically exactly AdS4 – with the cross section of the asymptotic boundary with
a spacelike hypersurface topologically an S2. In our coordinate system, Kerr-AdS4 must
therefore be of the form:
ds2 =
ℓ2o
z2
(
−
(
1
α2
+O (z2)
)
du2 − 2dudz + (g(0)ij +O (z)) (dxi +O (z)du) (dxj +O (z)du)) ,
(3.134)
where g(0)ijdx
idxj = ℓ2o dΩ
2. Since the lapse N(0) = 1, from equation (2.41) we have that
σi(1) = 0. Furthermore, since σ
i
(0) = 0 = ∂ug(0)ij , we find from equation (2.37) that g(1)ij = 0.
From equations (2.43) and (2.42) we then find that g(2)ij = 0 = σ
i
(2). Also, the spatial Ricci
scalar R[g(0)] = 2/ℓ
2
o, so from (2.40) we have ϕ(2) = ℓ
−2
o . In this way, Kerr-AdS4 must be
asymptotically of the form:
ds2 =
ℓ2o
z2
[
−
(
1
α2
+
z2
ℓ2o
+ ϕ(3)z
3 +O (z>3)
)
du2 − 2dudz
+
(
g(0)ij + z
3g(3)ij +O (z>3)
) (
dxi +
(
z3σi(3) +O (z>3)
)
du
) (
dxj +
(
z3σj(3) +O (z>3)
)
du
)]
.
(3.135)
The coefficients ϕ(3), g(3)ij and σ
i
(3) are the normalisable modes G(d+1)µν and from the con-
straint equations (C.258)–(C.260), supplemented by (C.261), it follows that they satisfy:
Tr[g−1(0)g(3)] = 0 , (3.136)
1
α2
(0)∇j(g−1(0)g(3))ji = ∂uσ(3)i +
1
3
∂iϕ(3) , (3.137)
3
2α2
(0)∇iσi(3) = −∂uϕ(3) . (3.138)
The holographic energy tensor so far reads:
√
q(0) 〈sij〉 = ℓ
2
o
8πG0
√
g(0)
(
3
2α2
g(3)ij − 1
2
ϕ(3) g(0)ij
)
, (3.139)
√
q(0) 〈ε〉 = ℓ
2
o
8πG0
√
g(0)
(−ϕ(3)) , (3.140)
〈ji〉 = ℓ
2
o
8πG0
(
−3
2
σ(3)i
)
. (3.141)
22See [75, 76] for specific examples. Note that Bondi-Sachs coordinates are related to the Gaussian null
gauge by a simple redefinition of the radial coordinate.
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By using the second identity in equations (3.93) and (3.94) it then follows from the above
constraints that the energy tensor is covariantly conserved:
(0)Da
(√
q(0) 〈T ai〉
)
= 0 = nb(0)
(0)Da
(√
q(0) 〈T ab〉
)
. (3.142)
Note that, apart from the constraints, the normalisable modes are so far arbitrary. We then
require that the solution be stationary and axi-symmetric, which results in the constraints:
Tr[g−1(0)g(3)] = 0 , (3.143)
1
α2
(0)∇j(g−1(0)g(3))ji =
1
3
∂iϕ(3) , (3.144)
1
α2
(0)∇iσi(3) = 0 , (3.145)
where the modes now depend only on the boundary coordinate θ. These are the necessary
conditions for Kerr-AdS4. In the zero Λ limit, however, there will be a further constraint.
Recall that the equation for a given coefficient g(n)ij is of the form (2.50) and, therefore, that
it becomes a differential equation for g(n−1)ij in the limit α→∞. For the particular case of
n = 4 in d+ 2 = 4 bulk dimensions, the equation for g(4)ij turns into a differential equation
for the normalisable mode g(3)ij in the zero Λ limit. Therefore, if we solve the dynamical
equation (2.34), together with (C.261), at order z2 we find in the limit α→∞:
4 k(3)ij − g(0)ij Tr[g−1(0)k(3)] + ϕ(4) g(0)ij + 3 (0)∇(iσ(3)j) = 0 , (3.146)
where we have used the fact that g(1)ij = g(2)ij = σ(1)i = σ(2)i = 0 in our case. The equation
for the coefficient ϕ(4) follows from the dynamical equation (C.256) and (C.261) for ϕ:
ϕ(4) − 2Tr[g−1(0)k(1)]−
3
2
(0)∇iσi(3) = 0 . (3.147)
Replacing in (3.146), we find:
4 k(3)ij + g(0)ij Tr[g
−1
(0)k(3)] + 3
(
(0)∇(iσ(3)j) +
1
2
g(0)ij
(0)∇iσi(3)
)
= 0 . (3.148)
Now, in our case we have:
k(3)ij =
1
2N(0)
(
(∂u −£σ(0))g(3)ij −£σ(1)g(2)ij −£σ(2)g(1)ij −£σ(3)g(0)ij
)
= − (0)∇(iσ(3)j) . (3.149)
Replacing in equation (3.148) results in the following constraint for σ(3)i:
(0)∇(iσ(3)j) −
1
2
g(0)ij
(0)∇kσk(3) = 0 . (3.150)
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Now, the constraint (3.145) for σi(3) holds for all values of α ∈ R , so we extend this to the
limit α→∞ so that the metric is continuous in α. If this were not the case, then σi(3) would
contain terms proportional to δΛ,0 and therefore Kerr would not follow from the zero Λ limit
of Kerr-AdS4. The same argument applies to the φ-component of the constraint (3.144).
The constraint equations for the normalisable modes in the limit α→∞ therefore become:
Tr[g−1(0)g(3)] = 0 =
(0)∇j(g−1(0)g(3))ji=φ , (3.151)
∂iϕ(3) = 0 , (3.152)
(0)∇iσ(3)j + (0)∇jσ(3)i = 0 , (3.153)
where the modes depend only on θ. The coefficient σi(3) is therefore a Killing vector of
the spatial metric g(0)ij on the S
2 and hence we choose: σi(3)∂i := a/ℓ
4
o ∂φ, with a some
dimensionless constant. Furthermore, ϕ(3) is constant, so we define: ϕ(3) := −2MG0/ℓ4o.
Note also that in the limit a → 0 we must recover the Schwarzschild metric, so g(3)ij must
be proportional to the parameter a. The average energy and angular momentum of those
states dual to asymptotically flat Kerr are then given by:
〈E〉 = 1
2T
T∫
−T
du
∫
d2x
√
q(0) 〈ε〉 = M , (3.154)
〈J i〉∂i =
∫
d2x
√
g(0) 〈j i〉∂i = − 3
4G0
a ∂φ . (3.155)
More generally, for an asymptotically Minkowski spacetime we have that g(1)ij = 0, so the
energy density will be of the form (3.140). The average energy will then be given by:
〈E〉 = − 1
2T
ℓ2o
8πG0
∫
d2x
√
g(0)
T∫
−T
duϕ(3)
=
1
2T
T∫
−T
duM(u) , (3.156)
where M(u) is the Bondi mass (see e.g. [60]).
3.4 Null boundaries and corner terms
So far we considered a single timelike boundary {z = ǫ} for the spacetime and neglected all
possible corner integrals evaluated on the codimension two surfaces {z = ǫ, u = ±∞} that
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may arise in the gravitational action. If one also considers null boundaries {u = u±} in the
spacetime, where these surfaces can be at infinity, the original bare action (2.9) is not the
appropriate one in the sense that the variational problem is not well-defined, and a further
surface term is needed. Furthermore, the renormalized gravity action in each dimension
will require corner counterterms at {z = ǫ, u = u±} that ensure that the action is finite
once the regulator ǫ is removed. In order to derive the correct bare action in general, we
start by performing an ADM decomposition of the spacetime metric with respect to timelike
hypersurfaces of constant z as:
ds2d+2 = Gµνdx
µdxν
= β2dz2 + qab (dx
a + βadz) (dxb + βbdz) . (3.157)
The inverse and determinant of the metric are given by:
Gµν =
(
1
β2
− 1
β2
βa
− 1
β2
βa qab + 1
β2
βaβb
)
, (3.158)
√
G = β
√
q . (3.159)
The unit normal mµ to the surfaces of constant z is given by:
mµ = β∂µz , (3.160)
mµ∂µ =
1
β
(∂z − βa∂a) , (3.161)
mµmνGµν = 1 . (3.162)
The metric qab represents the induced metric of the hypersurfaces of constant z and we
can extend it to a tensor in the whole spacetime by defining: qµν := Gµν − mµmν . Next
we perform an ADM decomposition of qab with respect to surfaces of constant u. In each
submanifold {z = constant}, we define these surfaces to be spacelike:
ds2d+1 = qabdx
adxb
= −N2du2 + γij(dxi + σidu)(dxj + σjdu) . (3.163)
The determinant of this metric is given by:
√
q = N
√
γ , so that:
√
G = βN
√
γ. In each
submanifold {z = constant}, the future-directed unit normal na to the surfaces of constant
u is given by:
na = −N∂au , (3.164)
na∂a =
1
N
(
∂u − σi∂i
)
, (3.165)
nanbqab = −1 . (3.166)
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We can extend this unit normal to a vector in the whole spacetime by defining:
nµ := qµν (−N∂νu) . (3.167)
We then find: nµnνGµν = −1 and: mµnνGµν = 0. Finally, with the two unit normals mµ
and nµ we construct two null vectors nµ± defined as:
nµ± := n
µ ±mµ . (3.168)
We find that: nµ±n
ν
±Gµν = 0 and: n
µ
±m
νGµν = ±1. Given this general construction, we will
now show that, if the surfaces {u = u±} are null in the spacetime, the bare gravitational
action for which the variational problem is well-posed is given by:
16πG0 S =
∫
dzduddx
√
G
(
d(d+ 1)
α2ℓ2o
+R[G]
)
+ 2
∫
z=ǫ
duddx
√
q Q− 2
u=u+∫
u=u
−
dzddx β
√
γ ∇µnµ+ , (3.169)
with ∇µGνα := 0, and where Q is the extrinsic curvature of the hypersurfaces of constant z
as before, such that: Q = ∇µmµ. Also, the last integral represents the difference:
u=u+∫
u=u
−
:=∫
u=u+
− ∫
u=u
−
. In order to show that the variational problem is well-defined, we perform a
Gauss-Codazzi decomposition of the Ricci scalar R[G]:
R[G] = R[q] +Q2 −Q ·Q− 2∇µ (mµ∇ ·m−m · ∇mµ) . (3.170)
Replacing in (3.169) and integrating the total derivatives results in the action:
16πG0 S =
∫
dzduddx β
√
q
(
d(d+ 1)
α2ℓ2o
+R[q] +Q2 −Q ·Q
)
− 2
u=u+∫
u=u
−
dzddx β
√
γ
(
K +
(
1 +Nmµ∂µu
)
∇ ·m
)
, (3.171)
where K = qabDanb = q
µν∇µ (q αν nα) = qµν∇µnν is the extrinsic curvature of the surfaces of
constant u in each submanifold {z = constant}, with Daqbc := 0. Now, from the decompo-
sition (3.158) we find in particular that:
∂µu∂νuG
µν = quu + (βu/β)2 = −N−2 + (βu/β)2 . (3.172)
If the surfaces u = u± are null in the spacetime, the left-hand side vanishes at u = u±
and we find up to a sign: βu = β/N at u = u±. If we choose the opposite sign, then we
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should replace the null vector n+ in (3.169) by its dual n−. Replacing this condition for β
u
in equation (3.161) results in:
1 +N mµ∂µu = 0 (u = u±) . (3.173)
Note that this holds everywhere if the surfaces of constant u are everywhere null, and in
such case the null vector n+ is given by: n+µ = −N∂µu. Finally, using equation (3.173) in
the action (3.171) yields our final result:23
16πG0 S =
∫
dz
∫ duddx β√q(d(d+ 1)
α2ℓ2o
+R[q] +Q2 −Q ·Q
)
− 2
u=u+∫
u=u
−
ddx β
√
γ K
 .
(3.174)
This is the correct action for which the variational problem is well-posed [72]. Taking vari-
ations with respect to the lapse, shift, and induced metric β, βa and qab, and requiring only
that the boundary configurations of the fields are fixed, results in the ADM equations of
motion.
If the spacetime contains null boundaries, the holographic renormalization of the grav-
itational action (3.169) will result in corner counterterms as emphasized above. We will
exemplify this for the particular case of d + 2 = 3 dimensions and derive the anomalous
counterterm (3.59) discussed in section 3.2.1. Returning to our gauge-fixed metric (2.29) for
generic d, if we evaluate on-shell the last integral in the action (3.169), we obtain:
−2
u=u+∫
u=u
−
dzddx β
√
γ ∇µnµ+ = −2
u=u+∫
u=u
−
z=ǫ
ddx
√
g
(
ℓo
ǫ
)d
+ 2ℓdo
u=u+∫
u=u
−
dzddx
√
g
(
z−(d+1) − 1
2
z−d∂z logϕ
)
.
(3.175)
Using our asymptotic solutions (2.34)–(2.36) we find that, for d = 1, the divergences of this
term are given by:
−2
u=u+∫
u=u
−
dzdx β
√
γ ∇µnµ+ = −4
u=u+∫
u=u
−
z=ǫ
dx
√
g(0)
(
ℓo
ǫ
)
+ 2α2ℓo
u=u+∫
u=u
−
z=ǫ
dx
√
g(0) k(0) log ǫ +O (ǫ0) .
(3.176)
23Note that the Gibbons-Hawking surface term takes a minus sign because we have defined the unit normal
na to be future-directed.
41
The counterterm that subtracts these divergences is given by:
4
u=u+∫
u=u
−
z=ǫ
dx
√
γ − 2αℓo
u=u+∫
u=u
−
z=ǫ
dx
√
γ K log ǫ . (3.177)
If we also take into account the surface term (3.55) that we discarded and use the result we
found in (3.56), we find that the renormalized gravitational action in d + 2 = 3 spacetime
dimensions in the presence of null boundaries u = u± is given by:
16πG0 Sren =
∫
dzdudx
√
G
(
d(d+ 1)
α2ℓ2o
+R[G]
)
+ 2
∫
z=ǫ
dudx
√
q Q− 2
u=u+∫
u=u
−
dzdx β
√
γ ∇µnµ+
+
2
α ℓo
∫
z=ǫ
dudx
√
q + 6
u=u+∫
u=u
−
z=ǫ
dx
√
γ − 2αℓo
u=u+∫
u=u
−
z=ǫ
dx
√
γ K log ǫ . (3.178)
The last corner integral is exactly the anomalous counterterm that we found in (3.59).
4 Non-backreacting matter
In the remainder of this work we will be interested in computing the zero Λ limit of the
vacuum expectation value and two-point correlator of a QFT operator dual to a non-
backreacting massive scalar field in AdSd+2. The background metric we are interested in
is pure AdS with the cross section of the asymptotic boundary with a spacelike hypersurface
topologically R d. In our coordinate system the metric reads:
ds2 = Gµνdx
µdxν
=
ℓ2o
z2
(
− 1
α2
du2 − 2dudz + d~x 2d
)
. (4.179)
In the limit α → ∞ the spacetime is a subset of Minkowski space, with z = 0 representing
future null infinity. The bulk action for the scalar field φ in this background is given by:
S =
1
2
∫
dd+2x
√
G
(
Gµν∂µφ∂νφ+
(m
α
)2
φ2
)
. (4.180)
The mass of the field is defined to be M = m/α. For the moment we will keep m arbitrary,
but as is well-known, the conformal weight of the field theory operator dual to φ will be
finite in the limit α→∞ only if m = O (α0).
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4.1 Solution and asymptotics
The equations of motion for the scalar in our background are given by:(m
α
)2
φ = G φ
=
z∆−k+2
ℓ2o
[
1
α2
(
ϕ′′ − k − 1
z
ϕ′
)
− 2∂uϕ′ + k − 1
z
∂uϕ+ ~∇2ϕ+ ∆(∆− (d+ 1))
α2z2
ϕ
]
,
(4.181)
where we defined ϕ := zk−∆φ for ∆ constant and k := 2∆− (d+1). As usual, ∆ will be the
conformal weight of the dual field theory operator. Also, ϕ′ := ∂zϕ and ~∇2 = δij∂i∂j . We
will be interested in computing the correlation functions of the QFT operator in Euclidean
signature, so we define the Euclidean boundary time u¯ := iu. The dynamical equation then
becomes:
1
α2
(
ϕ′′ − k − 1
z
ϕ′
)
− 2iϕ˙′ + ik − 1
z
ϕ˙+ ~∇2ϕ+ ∆(∆− (d+ 1))− ℓ
2
om
2
α2z2
ϕ = 0 ,(4.182)
where ϕ˙ := ∂u¯ϕ. We define ∆ as the highest root of the equation ∆(∆− (d+ 1)) = ℓ2om2.
We also Fourier transform the dynamical equation in the coordinates u¯ and xi and obtain:
1
α2
(
ϕˆ′′ − k − 1
z
ϕˆ′
)
+ 2ωϕˆ′ − ω k − 1
z
ϕˆ− ~p 2ϕˆ = 0 , (4.183)
where:
ϕˆ(z, ω, pi) =
∫
du¯ ddx e−iωu¯e−i~p·~x ϕ(z, u¯, xi) . (4.184)
The solution for ϕˆ can be written in terms of Bessel functions as:
ϕˆ(z, ω, p) = e−α
2ωz zk/2
[
A(ω, p)Kk/2(z α
√
~p 2 + α2ω2) +B(ω, p) Ik/2(z α
√
~p 2 + α2ω2)
]
,
(4.185)
where the coefficients A(ω, p) and B(ω, p) are arbitrary, and where Kk/2(y) and Ik/2(y)
are the modified Bessel functions of the first and second kind. These admit the following
asymptotics as y → 0:
Kk/2(y) = 2
k/2−1 Γ(k/2) y−k/2
(
1 +
(iy)2
2(k − 2) +
(iy)4
2(k − 2)4(k − 4)
+ ...+ ak y
k + a˜k y
k log y2 +O (y>k)
)
, (4.186)
Ik/2(y) =
2−k/2
Γ(k/2 + 1)
y−k/2
(
yk +O (y>k)) , (4.187)
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with Γ(a) the gamma function and ak a k-dependent constant. The coefficient a˜k is non-
vanishing only if k/2 is an integer and in such case is given by:
a˜k = − (−1)
k/2 2−k
Γ(1 + k/2)Γ(k/2)
: k/2 ∈ N . (4.188)
The solution for ϕˆ therefore admits the expansion:
ϕˆ(z, ω, p) = e−α
2ωz
[(
1− α
2(~p 2 + α2ω2)
2(k − 2) z
2 +
α4(~p 2 + α2ω2)2
8(k − 2)(k − 4) z
4 + ...
)
ϕˆ(0)(ω, p)
+ b(ω, p) zk + ˜ˆϕ(k)(ω, p) z
k log z +O (z>k)
]
= ϕˆ(0) + z ϕˆ(1) + z
2 ϕˆ(2) + z
3 ϕˆ(3) + ...+ z
k ϕˆ(k) + z
k log z ˜ˆϕ(k) +O (z>k) ,
(4.189)
where we wrote the function A(ω, p) as:
A(ω, p) =
21−k/2
Γ(k/2)
(
α
√
~p 2 + α2ω2
)k/2
ϕˆ(0)(ω, p) . (4.190)
The coefficients ϕˆ(0)(ω, p) and ϕˆ(k)(ω, p) are arbitrary functions in ω and ~p
2 and the coeffi-
cients ϕˆ(n<k) are given up to n = 3 by:
ϕˆ(1) = −α2ω ϕˆ(0) , (4.191)
ϕˆ(2) =
(
1
2
α4ω2 − α
2(~p 2 + α2ω2)
2(k − 2)
)
ϕˆ(0) , (4.192)
ϕˆ(3) =
(
−1
6
α6ω3 +
α4ω(~p 2 + α2ω2)
2(k − 2)
)
ϕˆ(0) . (4.193)
The coefficient ˜ˆϕ(k) of the inhomogeneous term is given by:
˜ˆϕ(k) = 2 a˜k
(
α
√
~p 2 + α2ω2
)k
ϕˆ(0) . (4.194)
The full solution φ(z, u¯, xi) for the scalar field is then given by:
φ(z, u¯, x) = z∆−k
∫
dωddp eiωu¯ ei~p·~x ϕˆ(z, ω, p)
= z∆−k
(
ϕ(0) + z ϕ(1) + z
2 ϕ(2) + z
3 ϕ(3) + ... + z
k ϕ(k) + z
k log(µz) ϕ˜(k) +O (z>k)
)
,
(4.195)
where we introduced a scale µ of dimension L−1 so that the argument of the logarithm is
dimensionless. The coefficients ϕ(0) = ϕ(0)(u¯, x) and ϕ(k) = ϕ(k)(u¯, x) are arbitrary functions
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and represent the standard non-normalisable and normalisable modes in the AdS/CFT cor-
respondence. The boundary configuration ϕ(0) is the source for the scalar operator O in the
dual QFT and ϕ(k) will be mapped to the vacuum expectation value of O . The coefficients
ϕ(n<k) together with the inhomogeneous term ϕ˜(k) are local functionals of the source for the
case of α finite. Their expressions are given by:
1
α2
ϕ(n) =
1
n(k − n)
(
i(k + 1− 2n) ϕ˙(n−1) + ~∇2ϕ(n−2)
)
: 0 < n < k , (4.196)
1
α2
ϕ˜(k) =

1
k
(
i(k − 1)ϕ˙(k−1) − ~∇2ϕ(k−2)
)
: k/2 ∈ N ,
0 otherwise ,
(4.197)
where ϕ(−1) := 0. The above is exactly the asymptotic solution one would obtain by solving
the dynamical equation (4.182) in powers of z in a neighbourhood of z = 0. In the case
α−1 = 0, the coefficients are non-local functionals of the sources in the same fashion as
the coefficients g(n)ij in the asymptotic expansion (2.34) of the metric that we found in
section 2.2. For the case of α finite, the source ϕ(0) and the mode ϕ(k) are arbitrary, so
there will be solutions for the scalar field in AdS that diverge in the limit α → ∞. We
are interested in those configurations for the field that result in well-defined solutions of the
equations of motion in Minkowski space in this limit, so we henceforth restrict our space of
solutions in AdS to the subspace of those that admit the limit. This discussion mimics that
in section 2.2 for the spacetime metric. This is enforced by requiring that the coefficients
in the asymptotics (4.195) be non-divergent as α → ∞. Since the modes ϕ(n<k) and ϕ˜(k)
are functionals of ϕ(0), this requirement imposes constraints on the behaviour in α of the
derivatives of the source. For k non-odd, these will be constraints on the time derivatives.
As an example, from n = 1, 2, 3 it follows that:
ϕ˙(0) = O (α−2) , (4.198)
ϕ¨(0) =
1
α2
(
1
k − 3
~∇2ϕ(0)
)
+O (α−4) , (4.199)
...
ϕ (0) =
1
α4
(
3
k − 5
~∇2(α2ϕ˙(0)))+O (α−6) . (4.200)
On the other hand, for odd values of k there will be a further constraint, this time on the
spatial derivatives: ~∇k−1ϕ(0) = O (α−(k−1)). As in section 2.2, we find again that the well-
definedness of the bulk solutions in the zero Λ limit translates into a statement about the
sources and states on the dual QFT and, in particular, that the existence of the limit is
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connected with the behaviour in α of the time and spatial derivatives of the source. The
specific dependence in powers of α found in (4.198)–(4.200) of the different time derivatives of
the source follow directly from the recursion relations (4.196)–(4.197). For a given even value
of k, for example, there will be k constraints on the time derivatives of ϕ(0). If at least one
of these constraints is not satisfied by the source, then at least one of the coefficients ϕ(n) in
the asymptotic expansion (4.195) will be divergent and the solution will not be well-defined
in the limit α → ∞. The same statement holds for k odd with an additional constraint on
the spatial derivatives as above. As an exercise, from equation (4.196) for n = 1 we have
that:
ϕ˙(0) = −iα−2ϕ(1) . (4.201)
If the constraint (4.198) is not satisfied it follows that ϕ(1) necessarily diverges as α → ∞.
We can also differentiate equation (4.201) with respect to time and use the recursion relation
(4.196) for n = 2 to obtain:
ϕ¨(0) =
1
α2
(
1
k − 3
~∇2ϕ(0)
)
− 1
α4
(
k − 2
k − 3 ϕ(2)
)
. (4.202)
If the constraint (4.198) is satisfied but not (4.199), then it is the coefficient ϕ(2) that neces-
sarily diverges as α→∞. The same reasoning can be repeated for the remaining constraints.
Equation (4.198) is particularly relevant and it implies that the source is time-independent
in the zero Λ limit. This is not an issue for the variational problem that we discuss in the
next sections because the zero Λ limit is taken after varying the gravitational action with
respect to the source, so the latter remains arbitrary until the vacuum expectation values
and correlators are computed. In section 2.2 we have also discussed the behaviour in α of
the time derivatives of the source g(0)ij for the boundary stress-tensor and we have found in
particular from equation (2.48) that one can choose a time coordinate u such that g(0)ij is
time-independent in the limit α→∞ in the same fashion as the source ϕ(0) (recall that the
boundary shift σi(0) can be fix to zero by the boundary diffeomorphism x
i → xi − ∫ duσi(0)).
Furthermore, we will find in section 4.3 that the two-point correlators of scalar operators are
also independent of the time coordinate in the limit α → ∞. These results are compatible
with those discussed in [35, 38] and suggest that the zero Λ limit induces an ultra-relativistic
contraction (u, ~x)→ (α−1u, ~x) on the boundary field theory.
4.2 Renormalization and vacuum expectation values
In this section we will renormalize holographically the bulk action for the scalar field in
the AdS background (4.179), analyse the limit α → ∞ and compute the vev of the dual
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operator. Under this limit the spacetime becomes Minkowski space and the solution in AdS
is mapped to a solution of the scalar field equations in Minkowski. As in section 3.1, we
proceed by replacing the asymptotic boundary of the spacetime by a regulating surface z = ǫ
and evaluate (4.180) on-shell:
iSon−shell =
ℓdo
2α2
∫
z=ǫ
du¯ddx ǫ−k
(
(∆− k)ϕ2 + ǫ ϕϕ′
)
− ℓ
d
o
4
∫
z=ǫ
du¯ddx ǫ−k+1∂u¯ϕ
2. (4.203)
The integrand in the last integral is a total derivative and therefore can be removed from
the on-shell action in the absence of null boundaries {u = constant} for the spacetime. We
then use the asymptotic solution (4.195) to replace for ϕ and find those terms that diverge
if we take the limit ǫ → 0. For finite α these will be local functionals of the source ϕ(0)
and therefore, up to anomalies, can be rewritten covariantly as described in section 3.1.
The resulting divergent terms can then be subtracted by a covariant counterterm action
Sct consisting of minus such terms. The renormalized action Sren will then be given by
Sren = S+Sct. The number of counterterms increases with k, so we will focus separately on
the cases k = 2 and k = 4.
4.2.1 k=2
In this case the procedure described above results in the following renormalized action:
iSren =
1
2
∫
dd+2x
√
G
(
Gµν∂µφ∂νφ+
(m
α
)2
φ2
)
+
1
2
∫
z=ǫ
dd+1x
√
q
(
−∆− k
αℓo
φ2 + (αℓo)φqφ log ǫ
)
, (4.204)
where qab is the induced metric on the regulating surface:
qabdx
adxb =
ℓ2o
ǫ2
(
1
α2
du¯2 + d~x2d
)
=
ℓ2o
ǫ2
q(0)abdx
adxb , (4.205)
and where q is the Laplacian with respect to qab and q(0)ab is the QFT metric. The resulting
couterterms are precisely the canonical ones from standard holographic renormalization in
the AdS/CFT correspondence (see e.g. [13]). This is expected because the canonical coun-
terterm action is covariant up to the anomaly in log ǫ. The latter breaks invariance of the
action under specific bulk diffeomorphisms involving the radial coordinate z, but our back-
ground (4.179) is mapped to the Poincare´ patch of AdS by the boundary diffeomorphism
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u→ α2(u− z), xi → α xi. The surfaces of constant z are therefore preserved by the diffeo-
morphism and hence the canonical counterterm action is not affected by the transformation.
The next step is to determine whether the counterterms spoil the zero Λ limit of the
renormalized on-shell action. For that purpose we evaluate Sren on-shell, take the limit
ǫ→ 0 and look for those terms proportional to positive powers of α as described in section
3.1. In the simple case of k = 2 no such terms survive once the regulator is removed and
therefore the couterterm action does not spoil the zero Λ limit. As we increase the value of
k we will see that further counterterms are needed apart from the canonical ones in order to
restore the well-behaved-ness of the action in the limit α→∞.
Vacuum expectation value
The variation of the renormalized on-shell action is given by:
i δSon−shellren =
∫
z=ǫ
dd+1x
√
q
(
ǫ
αℓo
(
φ′ − iα2φ˙
)
− ∆− k
αℓo
φ+ (αℓo)qφ log ǫ
)
δφ . (4.206)
Using the AdS/CFT prescription, the one-point function of the dual operator O is then
given by:24
√
q(0) 〈O 〉 = iδS
on−shell
ren
δϕ(0)
= lim
ǫ→0
(
ǫ∆−k
iδSon−shellren
δφ
)
=
ℓdo
α2
(
2ϕ(2) − ϕ˜(2)
)
− ℓdo ~∇2ϕ(0) . (4.207)
We therefore find that the vev is mapped to the normalisable mode ϕ(2) for finite α as ex-
pected. The term proportional to ϕ˜(2) is unphysical in the sense that it can be subtracted
from the expectation value by adding to the renormalized action the finite covariant coun-
terterm (finite both in ǫ and α):
−αℓo
4
∫
z=ǫ
dd+1x
√
q φqφ . (4.208)
24Recall from section 3.2.2 that the well-defined observables are always the tensor densities, in this case
√
q(0) 〈O 〉. By construction, the n-point functions themselves are divergent in the zero Λ limit because the
boundary lapse vanishes in this limit. In particular for the 1-point function: (1/
√
q(0)) iδS
on−shell
ren /δϕ(0) =
α
(
1/(N(0)
√
g(0)) iδS
on−shell
ren /δϕ(0)
)
, which diverges as α→∞, where in this case N(0) = 1 and g(0)ij = δij .
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The variation of this term is then proportional to ϕ˜(2):
iδ
δϕ(0)
−αℓo
4
∫
z=ǫ
dd+1x
√
q φqφ
 = lim
ǫ→0
−αℓo
4
ǫ∆−k
iδ
δφ
∫
z=ǫ
dd+1x
√
q φqφ

=
ℓdo
α2
ϕ˜(2) . (4.209)
The term proportional to the spatial Laplacian of the source cannot be subtracted without
partially breaking diffeomorphism invariance of the bulk action. The finite counterterm that
subtracts this term is given by:
−αℓo
4
∫
z=ǫ
dd+1x
√
q φ~∇2γφ , (4.210)
where ~∇2γ is the Laplacian with respect to the spatial metric γijdxidxj = ℓ2o/ǫ2 d~x2d and,
therefore, breaks invariance under diffeomorphisms that are not foliation preserving. This is
the same type of anomalous counterterm that we found in section 3.3. However, there is no
need for a counterterm of this type in the present case. It may seem that the spatial Laplacian
of the source in the vev (4.207) will give rise to contact terms proportional to the spatial
Laplacian of delta functions and, therefore, that partially break diffeomorphism invariance of
the two-point correlator computed by taking the variation of the vev. However, this will not
be the case because the variation of the normalisable mode ϕ(2) will provide a contribution
that precisely cancels these so that the two-point function is completely covariant for finite
α. We will see that this is indeed the case in section 4.3.
Finally, note that the vev admits a well-behaved zero Λ limit. If we switch off the source
and take the limit α → ∞, the expectation value of the operator vanishes identically. In
other words, any scalar operator of conformal dimension ∆ = 1 + (d + 1)/2 evaluated on
QFT states dual to gravity solutions with Λ = 0 necessarily has a vanishing expectation
value in the absence of the source.
4.2.2 k=4
In this case the renormalized action is given by:
iSren =
1
2
∫
dd+2x
√
G
(
Gµν∂µφ∂νφ+
(m
α
)2
φ2
)
+
1
2
∫
z=ǫ
dd+1x
√
q
(
−∆− k
αℓo
φ2 − αℓo
k − 2 φqφ+
(αℓo)
3
4
φ(q)
2φ log ǫ
)
,(4.211)
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where the counterterm action again coincides with the canonical one. Let us now verify
whether the counterterms spoil the zero Λ limit of the action. If we evaluate Sren on-shell,
take the limit as the regulator ǫ→ 0 and look for those terms proportional to positive powers
of α, we find:
lim
ǫ→0
iSon−shellren = −
ℓdo
4
∫
z=0
du¯ ddx
(
α2ϕ(0) ϕ¨(2) + α
2ϕ(1) ϕ¨(1) + α
2ϕ(2) ϕ¨(0)
)
+O (α0) .(4.212)
The second and third terms are of order O (α0). This is so because from equation (4.196)
for n = 1, 2 we have:
ϕ˙(0) = O (α−2) ⇒ ϕ(2) ϕ¨(0) = O (α−2) , (4.213)
ϕ˙(1) = −i
(
4
α2
ϕ(2) − ~∇2ϕ(0)
)
⇒ ϕ¨(1) = −i
(
4
α2
ϕ˙(2) +
i
α2
~∇2ϕ(1)
)
⇒ ϕ(1) ϕ¨(1) = O (α−2) .
(4.214)
On the other hand, the first term is of order α2. If we use again equation (4.196) but for
n = 3, we find:
ϕ˙(2) = i
(
3
α2
ϕ(3) − ~∇2ϕ(1)
)
⇒ ϕ¨(2) = i
(
3
α2
ϕ˙(3) + i
(
4
α2
~∇2ϕ(2) − ~∇4ϕ(0)
))
⇒ ϕ(0) ϕ¨(2) = ~∇4ϕ(0) +O (α−2) . (4.215)
In this way we find that the zero Λ limit of the action is spoiled by the counterterm action:
lim
ǫ→0
iSon−shellren = −α2
ℓdo
4
∫
z=0
du¯ ddxϕ(0)(~∇2)2ϕ(0) +O (α0) . (4.216)
This divergence in α is subtracted by the finite counterterm (finite in ǫ):
(αℓo)
3
4
∫
z=ǫ
du¯ddx
√
q φ (~∇2γ)2φ , (4.217)
where ~∇2 is the Laplacian with respect to the spatial metric γijdxidxj = ℓ2o/ǫ2d~x2d as before.
Unlike the case of k = 2, this new counterterm is needed in order to restore the well-
behaved-ness of the action in the zero Λ limit. This is done, however, at the expense of
breaking invariance of the renormalized action under diffeomorphisms that are not foliation
preserving. Since this counterterm is finite with respect to the regulator, it is associated to
a choice of scheme on the QFT side. This means that a renormalization scheme that breaks
invariance of the QFT under transformations that do not preserve the spacelike foliation of
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the boundary is a necessary requirement, so that the QFT states result in finite expectation
values and correlators once the QFT limit associated to the zero Λ limit is taken. The final
renormalized action is then given by:
iSren =
1
2
∫
dd+2x
√
G
(
Gµν∂µφ∂νφ+
(m
α
)2
φ2
)
+
1
2
∫
z=ǫ
dd+1x
√
q
(
−∆− k
αℓo
φ2 − αℓo
k − 2 φqφ+
(αℓo)
3
4
φ (q)
2φ log ǫ
)
+
1
2
∫
z=ǫ
dd+1x
√
q
(
(αℓo)
3
2
φ (~∇2γ)2φ
)
. (4.218)
Vacuum expectation value
The variation of the on-shell action is given by:
i δSon−shellren =
∫
z=ǫ
dd+1x
√
q
(
ǫ
αℓo
(
φ′ − iα2φ˙
)
− ∆− k
αℓo
φ− αℓo
k − 2 qφ
+
(αℓo)
3
2
(~∇2γ)2φ+
(αℓo)
3
4
(q)
2φ log ǫ
)
δφ . (4.219)
The vacuum expectation value of the dual QFT operator is then given by:
√
q(0) 〈O 〉 = iδS
on−shell
ren
δϕ(0)
= lim
ǫ→0
(
ǫ∆−k
iδSon−shellren
δφ
)
=
ℓdo
α2
(
4ϕ(4) − 7
3
ϕ˜(4)
)
+
2ℓdo
3
~∇2ϕ(2) . (4.220)
For finite α, the vev is again mapped to the normalisable mode ϕ(4). The term proportional
to ϕ˜(4) can be subtracted by adding the finite covariant counterterm to the action (finite
both in ǫ and α):25
− 7
96
(αℓo)
3
∫
z=ǫ
dd+1x
√
q φ(q)
2φ . (4.221)
25As a technical point, the fact that the integrand is finite in α follows from the discussion at the end of
section 4.1. From equation (4.197) with k = 4 it follows that: 2q(0)ϕ(0) = −(16/α4) ϕ˜(4). The coefficient ϕ˜(4)
is non-divergent in α by definition (recall that we resctricted the space of solutions in AdS to the subspace
where the coefficients are well-behaved as α → ∞, i.e. we focus only on those solutions in AdS that result
in solutions in Minkowski space in this limit). This implies that 2q(0)ϕ(0) = O (α−4).
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The term proportional to the spatial Laplacian of ϕ(2), however, remains. Note then that
the expectation value admits a well-behaved zero Λ limit. For finite α, the coefficient ϕ(2) is
a functional of ϕ(0), so setting the source to zero and then taking the limit α→∞ results in
a vanishing vev for the operator. On the other hand, in the case α−1 = 0 the coefficient ϕ(2)
is a non-local functional of ϕ(0). From equation (4.196) for n = 2, 3 with α
−1 = 0 we find
that ϕ(2) is defined by the differential equation: ϕ¨(2) = (~∇2)2ϕ(0). In this way, setting first
α−1 = 0 in the vev and then switching off the source results in a non-trivial expectation value
for the operator:
√
q(0) 〈O 〉 ∼ ~∇2ϕ(2), where ϕ¨(2) = 0. We expect this type of behaviour to
be reproduced for generic values of k ≥ 4.
4.3 Two-point correlator
In this last section we will compute the 2-point function for the scalar operator with k = 2, 4
and analyse its zero Λ limit. This is done by choosing a full solution of the equations of
motion that is well-behaved in the bulk interior and then taking a first-order variation of the
vevs (4.207) and (4.239) in the presence of the source. If we return to equation (4.185) for
the Fourier transform ϕˆ of the scalar field and look at the behaviour of the Bessel functions
as z → ∞, we find that ϕˆ diverges as z → ∞ unless we set the coefficient B(ω, p) = 0. In
this way, the solution that is well-behaved in the interior is given by:
φ(z, u¯, ~x) =
21−k/2
Γ(k/2)
z∆−k/2
∫
dωddp eiωu¯ ei~p·~x e−α
2ωz ϕˆ(0)(ω, ~p) (α|p|)k/2 Kk/2(αz|p|) ,(4.222)
where we used the expression (4.190) for the coefficient A(ω, p), and where |p| :=√~p 2 + α2ω2.
The solution can be rewritten as an integration in position space by defining:
ϕ(0)(v¯, ~y) =
∫
dωddp eiωv¯ ei~p·~y ϕˆ(0)(ω, ~p) , (4.223)
and using the identity:∫
dd+1X
e−ip·X
(ǫ2 + |X|2)∆ = a(k) ǫ
−k/2 |p|k/2Kk/2(ǫ|p|) , (4.224)
where k = 2∆− (d+1), |X|2 = X20 +X iX i, |p| =
√
~p 2 + α2ω2, and a(k) is a proportionality
constant that depends only on k. The solution (4.222) can then be rewritten as:
φ(z, u¯, ~x) =
21−k/2
Γ(k/2)
αk−∆−1
a(k)
∫
dv¯ddy ϕ(0)(v¯, ~y)
(αz)∆(
(αz)2 +
(
u¯−v¯
α
+ iαz
)2
+ |~x− ~y|2
)∆ .
(4.225)
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This is precisely the expression one would obtain by solving the scalar field equation in
Euclidean AdSd+2 in Poincare´ coordinates (see e.g. [3]), requiring that the solution be well-
behaved in the bulk interior and finally transforming the scalar field to the coordinate system
(4.179). From this representation we can immediately read the bulk-to-boundary propagator
and obtain the expression for the unrenormalized two-point function. If we use the identity
[3]:
lim
z→0
(αz)∆(
(αz)2 +
(
u¯−v¯
α
+ iαz
)2
+ |~x− ~y|2
)∆ ∼ α b(k) (αz)∆−kδ(u¯− v¯)δd(~x− ~y) , (4.226)
with b(k) a constant that depends only on k, then the on-shell bare action (4.180) is given
by:
Son−shell =
1
2
∫
z=ǫ
dd+1x
√
GφGzµ∂µφ
=
αk−3ℓdo
b˜(k)
∫
z=ǫ
du¯ddx
∫
dv¯ddy
ϕ(0)(u¯, ~x)ϕ(0)(v¯, ~y)((
u¯−v¯
α
)2
+ |~x− ~y|2
)∆ (1 +O (z)) , (4.227)
with b˜(k) a dimensionless constant. Taking the variations of the on-shell action with respect
to the source and absorbing the overall proportionality constant in the normalisation of the
operator results in the unrenormalized two-point correlator:
√
q(0)
2〈O (v¯, ~y)O (u¯, ~x)〉 = iδ
2Son−shell
δϕ(0)(v¯, ~y)δϕ(0)(u¯, ~x)
=
1((
u¯−v¯
α
)2
+ |~x− ~y|2
)∆ . (4.228)
In the zero Λ limit and away from coincident points, this results in the correct expression
for the two-point function of a scalar operator of weight ∆ but in d dimensions.
In order to compute the renormalized correlator, we return to our original representation
(4.222) for the physical solution and use the expansion (4.186) around z = 0 for the Bessel
function with k = 2, 4 to find:
φ(z, u¯, ~x) = z∆−k
(
ϕ(0) + ... + z
kϕ(k) + z
k log(µz) ϕ˜(k) + ...
)
, (4.229)
where the normalisable mode ϕ(k) for k = 2, 4 is given in terms of the source by:
ϕ(k=2) =
α2
4
(
~∇2 − α2∂2u¯ −
(
2γE − 2 log 2 + log
(
− α
2
µ2
q(0)
))
q(0)
)
ϕ(0) ,
ϕ(k=4) =
α4
24
(
−3α2∂2u¯~∇2 − 2α4∂4u¯ − 34
(
2γE − 32 − 2 log 2 + log
(
− α
2
µ2
q(0)
))

2
q(0)
)
ϕ(0) ,
(4.230)
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with γE the Euler constant and q(0) = α
2∂u¯ + ~∇2 the Laplacian with respect to the QFT
metric. At the end of section 4.1 we found that the requirement that the coefficients ϕ(n<k)
and ϕ˜(k) in the asymptotics be well-defined in the limit α→∞ results in constraints on the
behaviour in α of the time derivatives of the source. Since the normalisable mode for each k
is also well-defined in the limit α→∞ by definition, and from the above expressions (4.230)
for the physical solution we have that ϕ(k) is now a functional of the source, we find that the
requirement that the solution be well-behaved in the interior results in a further constraint
on the source for each value of k. The constraint will be on the behaviour in α of the spatial
derivatives. From equations (4.197) and (4.196) for k = 2, 4 we have in particular that:

k/2
q(0)
ϕ(0) = −k
k/2
αk
ϕ˜(k) = O (α−k) . (4.231)
It then follows from equation (4.230) that the non-normalisable mode of the physical solution
for k = 2, 4 needs to satisfy:
~∇kϕ(0) = O (α−2) . (4.232)
For k = 2 this implies that the vev (4.207) evaluated on such a solution is identically zero
in the zero Λ limit. For k = 4 it implies that the bulk action (4.211) evaluated on such a
solution is well-defined in the zero Λ limit, as well as the vev for the dual QFT operator,
without the need for the anomalous counterterm. Nonetheless, the renormalization should
hold for any solution of the bulk equations of motion, so in general the anomalous conterterm
is needed to restore the well-behaved-ness of the zero Λ limit of the bulk action.
Case k=2
If we take the variation of the one-point function (4.207) (with ϕ˜(2) subtracted) with respect
to the source ϕ(0) and use the expression (4.230) for the coefficient ϕ(2), we obtain:
√
q(0)
2〈O (v¯, ~y)O (u¯, ~x)〉 = δ
δϕ(0)(v¯, ~y)
(√
q(0) 〈O (u¯, ~x)〉
)
= −ℓ
d
o
2
(
1 + 2γE − 2 log 2 + 2 logα
)
q(0)δ(u¯− v¯)δd(~x− ~y)
−ℓ
d
o
2
log
(
−µ−2q(0)
)
q(0) δ(u¯− v¯)δd(~x− ~y) .
(4.233)
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The first term proportional to the Laplacian on the delta functions is scheme dependent and
it can be removed by adding a finite and local counterterm to the action proportional to
(4.208). The scheme-independent piece is then:
√
q(0)
2〈O (v¯, ~y)O (u¯, ~x)〉 = −ℓ
d
o
2
log
(
−µ−2q(0)
)
q(0) δ(u¯− v¯)δd(~x− ~y) . (4.234)
If we use the identity [77]:∫
dd+1X
eip·X
|X|d−1 log
(
µ˜2|X|2) = − c|p|2 log (µ−2|p|2) , (4.235)
with µ˜ = γE µ/2 and c a proportionality constant that depends only on d, and Fourier
transform it, we find:

n+1 log
(
µ˜2|X|2)
|X|d−1 = c log
(− µ−2)n δd+1(X) . (4.236)
If we apply this identity to the right-hand side of (4.234) we obtain:
√
q(0)
2〈O (v¯, ~y)O (u¯, ~x)〉 = − ℓ
d
o
2αc

2
q(0)
log
(
µ˜2
[ (
u¯−v¯
α
)2
+ |~x− ~y|2
])
∣∣∣ ( u¯−v¯α )2 + |~x− ~y|2 ∣∣∣(d−1)/2
= c˜R 1∣∣ ( u¯−v¯
α
)2
+ |~x− ~y|2 ∣∣∆ , (4.237)
where ∆ = 1+(d+1)/2. The proportionality constant c˜ can be absorbed in a normalisation
of O . The term R (1/|X|2∆) on the right-hand side is the renormalized version of the
correlator 1/|X|2∆ and it coincides with the latter away from coincident points [78]. In the
zero Λ limit we find:
lim
α→∞
√
q(0)
2〈O (v¯, ~y)O (u¯, ~x)〉 = R 1|~x− ~y|2∆ , (4.238)
which is the renormalized version of the correlator that we found in (4.228) in the zero Λ limit.
Case k=4
In this case the one-point function for the QFT operator receives a contribution from the
anomalous counterterm (4.217). This term renders the vacuum expectation value finite in
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the zero Λ limit, but it introduces contact terms in the two point function. In order to verify
this more explicitly, we isolate the contribution from this term in the vev:
√
q(0) 〈O 〉 =
(
4ℓdo
α2
ϕ(4) +
2ℓdo
3
~∇2ϕ(2) − α
2ℓdo
2
~∇4ϕ(0)
)
+
α2ℓdo
2
~∇4ϕ(0) , (4.239)
where the last term represents the contribution from the anomalous counterterm. We have
also subtracted the term proportional to ϕ˜(4) which is scheme dependent. If we use the
expression (4.230) for the normalisable mode ϕ(4) and take the variation of the one-point
function with respect to the source, we obtain:
√
q(0)
2〈O (v¯, ~y)O (u¯, ~x)〉 = δ
δϕ(0)(v¯, ~y)
(√
q(0) 〈O (u¯, ~x)〉
)
= −α
2ℓdo
6
(
2 +
3
4
(
2γE − 2 log 2− 3
2
+ 2 logα
))

2
q(0)
δ(u¯− v¯)δd(~x− ~y)
−α
2ℓdo
8
log
(
−µ−2q(0)
)

2
q(0)
δ(u¯− v¯)δd(~x− ~y)
+
α2ℓdo
2
δ(u¯− v¯) ~∇4δd(~x− ~y) . (4.240)
The first term proportional to the square of the Laplacian can be removed by adding a finite
and local counterterm to the action proportional to (4.221). The last term arising from the
anomalous counterterm is a contact term that diverges when the operators are defined at
equal time u¯ = v¯. This piece cannot be removed from the correlator by a counterterm without
spoiling the zero Λ limit of the bulk action. This type of contact terms spoils the behaviour of
the correlator at coincident points in time and will always appear in the two-point functions
for values of k ≥ 4 if we simultaneously require that the bulk action be well-defined in the
zero Λ limit. At non-coincident points, if we subtract the scheme-dependent term and use
the identity (4.236), we find:
√
q(0)
2〈O (v¯, ~y)O (u¯, ~x)〉 = −αℓ
d
o
8c

3
q(0)
log
(
µ˜2
[ (
u¯−v¯
α
)2
+ |~x− ~y|2
])
∣∣∣ ( u¯−v¯α )2 + |~x− ~y|2 ∣∣∣(d−1)/2
= c˜R 1∣∣ ( u¯−v¯
α
)2
+ |~x− ~y|2 ∣∣∆ (u¯ 6= v¯) . (4.241)
where ∆ = 2 + (d + 1)/2. If we absorb the constant c˜ in the normalisation of the operator
and take the limit α→∞, we again find the renormalized version of the correlator that we
obtained in (4.228) in this limit.
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5 Conclusions
In this article we discussed the zero Λ limit of vacuum expectation values and correla-
tion functions in AdS/CFT at a formal level, the associated issues and attempted to address
them. We found that the analysis requires a suitable foliation of the spacetime and we de-
rived the mapping between bulk and boundary data in the associated coordinate system.
We focused specifically on the case of the bulk spacetime metric and a non-backreacting
scalar field, determined their unique asymptotics, computed the one-point function of the
dual operators and discussed the necessary conditions for the correspondence between the
near-boundary asymptotics and the vevs to admit a well-behaved zero Λ limit. We found
that the existence of the limit essentially translates into a statement about the sources and
states of the boundary theory. We discussed the holographic Ward identities in three and
four bulk dimensions in the case of pure gravity, and reproduced the central charge that
arises in the central extension of the asymptotic symmetry algebra of three-dimensional flat
space via the zero Λ limit of the holographic Weyl anomaly. We also found that the energy
and momentum of the QFT states dual to three-dimensional flat cosmological spaces and to
the Kerr spacetime match with those of the bulk solutions. In the context of holographic
renormalization, we analysed the behaviour of the holographic counterterms in the zero Λ
limit and showed that the well-behaved-ness of the gravity action in this limit can only be
preserved by means of anomalous counterterms. Based on the AdS/CFT dictionary, we
then argued that the renormalization of QFTs with states dual to asymptotically flat solu-
tions generically requires renormalization schemes that break invariance of the QFT under
transformations that do not preserve the spacelike foliation at the boundary. Finally, for
the case of the non-backreacting bulk scalar, we computed holographically the renormalized
two-point function of the dual operator in the zero Λ limit and found it to be consistent with
that of a conformal operator in two dimensions less. In this case, however, we found that the
anomalous counterterms introduce contact terms in the correlator that spoil the behaviour
of the latter at coincident points.
In the context of the metric asymptotics at null infinity, we emphasized the differences be-
tween the asymptotics obtained in the zero Λ limit and the standard definitions of asymptotic
flatness in the literature in the case of radiating spacetimes in odd dimensions. It would be
interesting to investigate more precisely to which extent perturbations of the asymptotically
flat metric do not preserve the asymptotics in odd dimensions when the spacetime contains
gravitational radiation. We also did not address the question of how to compute flat space
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S-matrix elements in general from the zero Λ limit of boundary correlators. An interesting
direction would be to verify whether correlation functions obtained by taking variations of
the bulk action with respect to those boundary configurations at past and future temporal
infinity (the ‘corners’ discussed in section 3.4) can be used in a holographic computation of
the bulk S-matrix elements.
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Appendices
A Conformal compactness
A manifold (M, G) is defined to be Cn≥0 conformally compact if there exists an asymptote
(M˜, G˜, ρ) consisting of a manifold-with-boundary (M˜, G˜) with boundary ∂M˜ and a defining
function ρ(x) : M˜ → R + satisfying the following properties [79, 80, 81]:
1) M = int M˜ = {p ∈ M˜ : ∃ open set p ∋ U ⊂ M˜} ,
2) G˜µν = ρ
2(x)Gµν : M˜ = {ρ ≥ 0} , ∂M˜ = {ρ = 0} ,
3) dρ 6= 0 on ∂M˜ ,
with ρ(x) of class C∞ and G˜ non-degenerate and of class Cn≥0 in M˜. The region {ρ = 0}
of M˜ is referred to as the conformal boundary of M and M˜ as the conformal embedding.
B Gaussian null coordinates
In this section we will derive our coordinate system by performing a brief ADM analysis of
the spacetime metric Gµν . For a thorough treatment see the original works in [51, 52, 54]. We
introduce coordinates xµ = (u, xA) = (u, r, xi) = (r, xa) and define the surfaces of constant
u to be null. We then do an ADM decomposition of Gµν with respect to these surfaces as:
ds2 = −α2du2 + hAB
(
dxA + αAdu
) (
dxB + αBdu
)
. (B.242)
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We also decompose the induced metric hAB with respect to the surfaces of constant r as:
hABdx
AdxB = β2dr2 + γij
(
dxi + βidr
) (
dxj + βjdr
)
, (B.243)
and define the spatial metric γij to be positive-definite. Since the surfaces of constant u
are null by definition, the induced metric hAB must be degenerate. Since the determinant√
h = β
√
γ and γij > 0, the degeneracy of hAB implies that β = 0 everywhere. With this
condition, we rewrite Gµν without loss of generality as:
ds2 = −φ du2 + 2Mdudr + γij
(
dxi + σidu+ βidr
) (
dxj + σjdu+ βjdr
)
(B.244)
= N2dr2 + qab
(
dxa +Nadr
)(
dxb +N bdr
)
, (B.245)
where (N,Na) are the lapse and shift of the radial foliation in r and where the induced
metric qab is given by:
qabdx
adxb = −φ du2 + γij
(
dxi + σidu
) (
dxj + σjdu
)
. (B.246)
Let us then perform an ADM decomposition of the Einstein-Hilbert Lagrangian with respect
to the radial foliation (B.245):
L =
√
GR[G] = N
√
q
(
R[q] +Q2 −Q ·Q− 2∇µvµ
)
, (B.247)
where Qab = 1/(2N) (∂r −£N) qab is the extrinsic curvature of the surfaces of constant r
and: vµ = Qnµ − aµ, with nµ and aµ the unit normal and acceleration of these surfaces,
respectively. The last term in the Lagrangian is a total derivative and thus will be discarded.
The decomposed Lagrangian is now a functional of the lapse, shift and induced metric N ,
Na and qab. A quick inspection of L then reveals that only qab contains radial derivatives and
therefore the equations of motion for the metric will be second order differential equations
in r for qab only. This indicates as usual that N and N
a do not represent true degrees
of freedom and therefore can be gauge-fixed, i.e. can be brought to any configuration by
diffeomorphisms near a surface of constant r. If we then return to (B.246) we find that
qab depends only on φ, σ
i and γij . This means that the Lagrangian does not contain radial
derivatives of the functions M and βi that appear in (B.244) and therefore these can be
gauge-fixed by diffeomorphisms. The simplest gauge we can choose is the Gaussian gauge
(M = 1, βi = 0) in which the spacetime metric assumes the final form:
ds2 = −φ du2 + 2dudr + γij
(
dxi + σidu
) (
dxj + σjdu
)
, (B.248)
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with determinant
√
G =
√
γ. In the particular case of black hole spacetimes in gaussian null
coordinates, the horizon is defined to consist of the surface r = 0. Then note that it is still
possible to use a further diffeomorphism of the form xi → xi+f i(x, u) in (B.248) and choose
the set of functions f i such that:
σi → rασ˜i(r, u, x) : α > 0 , σ˜i = O (r≥0) . (B.249)
Also, since the horizon is a null surface, we find that the function φ must behave near r = 0
at least as:
φ = rβϕ(r, u, x) : β > 0 , ϕ = O (r≥0) . (B.250)
In most cases the equations of motion near the horizon then fix the exponents α, β = 1 for
a non-degenerate horizon, and α = 1, β = 2 for a degenerate one.
C Ricci tensor
In this section we provide the decomposition of the Ricci tensor of our gauge-fixed metric:
ds2d+2 = Gµνdx
µdxν
=
ℓ2o
z2
(
− ϕN(0)du2 − 2N(0)dudz + gij
(
dxi + σidu
) (
dxj + σjdu
))
(C.251)
where N(0) = N(0)(u, x
i) and the remaining components of the metric depend on all coordi-
nates. The inverse and determinant of the metric are given by:
Gµν =
(
z
ℓo
)2
N−1(0)

0 −1 0
−1 ϕ σi
0 σi N(0)g
ij
 , (C.252)
√
G = (ℓo/z)
d+2N(0)
√
g . (C.253)
Define:
kij :=
1
2N(0)
(∂u − £σ) gij . (C.254)
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The decomposition of the Ricci tensor Rµν [G] is then given by [51, 60]:
2Rzi[G] =
1
N(0)
(
−(g · σ′)′i +
d
z
(
(g · σ′)i − ∂iN(0)
)
− 1
2
Tr[g−1g′]
(
(g · σ′)i − ∂iN(0)
))
+∇j(g−1g′)ji − ∂iTr[g−1g′] , (C.255)
2
(
Rzu[G]− σiRzi[G]
)
= ϕ′′ − d+ 2
z
ϕ′ +
2(d+ 1)
z2
ϕ+ Tr[g−1g′]
(
1
2
ϕ′ − 1
z
ϕ
)
−∇i
(
σ′ i − gij∂jN(0)
)
− 1
N(0)
σ′ i
(
(g · σ′)i − ∂iN(0)
)
−N(0)
(
2Tr[g−1k]′ − 2
z
Tr[g−1k] + (k · g′)
)
, (C.256)
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2Rij [G] = 2Rij [g] +
1
N(0)
[
− (ϕ g′ij)′ +
d
z
ϕ g′ij +
2
z
ϕ′gij − 2(d+ 1)
z2
ϕ gij
+ ϕ
(
1
z
gij − 1
2
g′ij
)
Tr[g−1g′] + ϕ (g′ · g′)ij
+ 2∇(i
(
(g · σ′)j) − ∂j)N(0)
)
−N−1(0) (g · σ′)i (g · σ′)j
]
+ ∂i logN(0)∂j logN(0)
+ 4 k′ij −
2d
z
kij + Tr[g
−1g′]kij +
(
g′ij −
2
z
gij
)
Tr[g−1k]− 4(k · g′)(ij) , (C.257)
2Rzz[G] = −Tr[g−1g′′] + 1
2
(g′ · g′) , (C.258)
2
(
Rui[G]− σjRij [G]− ϕRzi[G]
)
=
(∂u − £σ)
[ 1
N(0)
(
(g · σ′)i − ∂iN(0)
)]
+ Tr[g−1k]
(
(g · σ′)i − ∂iN(0)
)
+ 2 (g−1k)ji ∂jN(0) − (g−1g′)ji ∂jϕ+ ∂iϕ′ +N(0)
(
−d
z
+
1
2
Tr[g−1g′]
)
∂i
(
ϕ/N(0)
)
+ 2N(0)
(∇j(g−1k)ji − ∂iTr[g−1k])− ϕ (∇j(g−1g′)ji − ∂iTr[g−1g′]) , (C.259)
2
N(0)
[
Ruu[G]− 2 σiRui[G] + σiσjRij [G]− ϕ
(
Rzu[G]− σiRzi[G]
) ]
=(
−d
z
+
1
2
Tr[g−1g′]
)
(∂u −£σ) (ϕ/N(0))− 2 (∂u − £σ) Tr[g−1k]
+ ϕ
(
2Tr[g−1k]′ + (k · g′)
)
− ϕ′Tr[g−1k]− 2N(0)
(
k · k)+∇i∇iϕ
+ gij ∂iϕ∂j logN(0) +
1
N(0)
(
ϕ∇iσ′ i − σ′ i∂iϕ
)
, (C.260)
where the prime denotes differentiation with respect to z, the trace and inner product are
taken with respect to gij, and where ∇igjk := 0. When replaced by the Einstein equations:
Rµν [G] = −d+ 1
α2ℓ2o
Gµν , (C.261)
we find that equations (C.255)–(C.257) represent the dynamical equations for the metric
components σi, ϕ and gij, respectively, whereas equations (C.259) and (C.260) are constraint
equations since they do not contain second order derivatives in z. After (C.257) is solved,
equation (C.258) can also be seen as a constraint equation because it can be replaced by an
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equation without second order derivatives in z if we use the trace of (C.257).
D Terms Xij and Xi
The algebraic expressions for the terms Xij and Xi that appear in equations (3.110) and
(3.112) depend on the coefficient g(1)ij and vanish if the boundary metric is static. In general,
the expressions are given by:
Xij =
1
4α2
g(1)ij
(
Tr2[g−1(0)g(1)] +
(
g(1) · g(1)
))− 3
4
Tr[g−1(0)g(1)] k(1)ij −
5
4
Tr[g−1(0)k(1)] g(1)ij
+
1
2
R(0) g(1)ij − 3
2
g k(1)(i
(0)∇j)∂k logN(0) + 1
4
(
(0)∇i∂jTr[g−1(0)g(1)]− (0)g(1)ij
)
+
1
4N(0)
(
Tr[g−1(0)g(1)]
(0)∇i∂jN(0) + g(1)ij (0)N(0) − g(0)ij Tr[g−1(0)g(1)] (0)N(0)
)
, (D.262)
Xi =
3
8
(
g(1) · g(1)
) j
i
∂j logN(0) +
1
2
g(1)ij
(0)∇kgkj(1) +
1
2
(0)∇k
(
g(1) · g(1)
)k
i
− 3
4
g j(1)i∂jTr[g
−1
(0)g(1)]
+
1
16
∂iTr
2[g−1(0)g(1)]−
5
16
∂i
(
g(1) · g(1)
)
. (D.263)
To obtain these expressions we made use of the matrix identity:
(AB−1A)ij − 1
2
BijTr[B
−1AB−1A] = Tr[B−1A]
(
Aij − 1
2
BijTr[B
−1A]
)
, (D.264)
for any 2x2 matrices A and B such that detB 6= 0.
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